NUMERICAL ANALYSIS – ON WEB QUIZ

REFERENCE :

Scheid, F. (1988), “Schaum’s Outline Series – Theory and Problem of Numerical Analysis”, 2nd Edition, McGraw hill, USA.

Question 23.34 : By using Padé rational function Rmn(x) = Pm(x)/Qn(x), 

Pm(x)=a0+a1x+a2x2+…+amxm, Qn(x)=a0+b1x+b2x2+…+bnxm
        j

aj = ∑ bicj-i  j = 0,1, ..., N; ai=0 if i > m, bi = 0 if i > n, b0 = 1, find Rmn when m=1, n=3.
       i=0                               

Answer :   m=1, n=3

a0=1 ---(1)   a1=1+b1 ---(2)   0=1/2+b1+b2 ---(3)  0=1/6+1/2b1+b2+b3 ---(4)

0=1/24+1/6b1+1/2b2+b3 ---(5)

(4)-(5) :  0=(1/6-1/24)+(1/2-1/6)b1+1/2b2=1/8+1/3b1+1/2b2 ---(6)

(6)x2 : ¼+2/3b1+b2=1/2+b1+b2 ---(3)

-1/4=1/3b1, b1=-3/4, b2=-1/2-b1=-1/2+3/4=1/4, a1=1-3/4=1/4, b3=-1/6-1/2b1-b2
=-1/6+1/2(3/4)-1/4=-1/6+3/8-1/4=(-4+9-6)/24=-1/24

R13=(1+1/4x)/(1-3/4x+1/4x2-1/24x3)=(24+6x)/(24-18x+6x2-x3)

  Question 13.23 : Bessel’s Formula is given by : hp’=δy1/2+(k-1/2)µδ2y1/2+…, h2p(2)=µδ2y1/2+(k-1/2)δ3y1/2+…,h3p(3)=δ3y1/2+(k-1/2)µδ4y1/2+….  Data are :

	x
	1.00
	1/05
	1.10
	1.15
	1.20
	1.25
	1.30

	y=x0.5
	1.00000
	1.02470
	1.04881
	1.07238
	1.09544
	1.11803
	1.14017


Find p’, p(2) and p(3). 
Answer : p’=(δy1/2)/h, p(2)=(μδ2y1/2)/h2, p(3)=(δ3y1/2)/h3, h=1.1-1.05=0.05
Tabulation of difference table :

	x
	y(x)=x0.5
	δ
	δ2
	δ3

	1.00
	1.00000
	
	
	

	
	
	2470
	
	

	1.05
	1.02470
	
	-59
	

	
	
	2411
	
	5

	1.10
	1.04881
	
	-54
	

	
	
	2357
	
	4

	1.15
	1.07238
	
	-50
	

	
	
	2307
	
	2


	1.20
	1.09544
	
	-48
	

	
	
	2259
	
	3

	1.25
	1.11803
	
	-45
	

	
	
	2214
	
	

	1.30
	1.14017
	
	
	


At x=1.125, Bassel Formula produce p’= 0.02357/0.05=0.4714, p(2)=-0.00052/0.052=-0.208, p(3)=0.00004/0.053=0.32     
3.15 : By the definition of finite difference, Δyk=yk+1-yk.  Prove that Δ(uk/vk) = (vk Δuk-ukΔvk)/(vk+1vk)

Answer : Δ(uk/vk)= uk+1/vk+1 - uk/vk = (uk+1vk - ukvk- ukvk+1 + ukvk) / vk+1vk
=  [vk(uk+1- uk)- uk(vk+1 - vk)] / vk+1vk = (vk Δuk-ukΔvk)/(vk+1vk) (proven)
15.53 :The leading coefficient in Pn(x) is, as we know, An=(2n)!/[2n(n!)2].  Show that it can also be written as An=1·3/2·5/3·7/4·…(2n-1)/n=1·3·5·…(2n-1)/n!

Answer : Let An=(2n)!/[2n(n!)2
A0=1, A1=2/[2(1)]=1, A2=4!/[4(2!)2=3x2/4=3/2, A3=6!/[23(3!)2]=6x5x4x3x2/[8(3x2)2]=5/2,A4=(8!)/[24(4!)2]=8x7x6x5x4x3x2/[16(4x3x2)2]=35/8, A5=10!/[25(5!)2, A1/A0=1, A2/A1=3/2, A3/A2=5/2x2/3=5/3, A4/A3=35/8x2/5=7/4, An=An/An-1xAn-1/An-2x…xA4/A3xA3/A2xA2/A1xA1/A0=1·3/2·5/3·7/4·…(2n-1)/n=1·3·5·…(2n-1)/n! (shown)

                                                                              n

14.56 : By using the Taylor series method: p(x)=Σy(i)x0(x-x0)i/i!, compute the sine 

                       x                                                     i=0
integral Si(x)=∫(sin t)/t dt for x=0(0.1)1 to five decimal places.  Hint : sin t=t-

                       0

t3/3!+t5/5!....

Answer : Let (sin x)/x=1-x2/6+x4/120-x6/1040+x8/362880-x10/39916800….

          x

Si(x)=∫(sin x)/x dx=[x-x3/18+x5/600-x7/35280+x9/3265920-x11/439084800]

         0

Si(1)=0.946083 (5 decimal places)

27.33 : Maximize x1-x2+2x3 subject to : x1+x2+3x3+x4≤5, x1+x3-4x4≤2 and all xk≥0.

Answer : Assumption x2=x3=0 for ease of calculation, maximum (x1+x4)=5, maximum (x1-4x4)=2, 5x4=3, x4=0.6, x1=5-x4=5-0.6=4.4=maximum (x1-x2+2x3), maximum (x1,x2,x3,x4)=(4.4,0,0,0.6)

28.16 : In the overdetermined system, a11x1+a12x2=b1 and a21x1+a22x2=b2.  Normal equations are (a1,a1)x1+(a1,a2)x2=(a1,b) and (a2,a1)x1+ (a2,a2)x2=(a2,b) where (a1,a1)=a112+a212 and (a1,a2)=a11a12+a21a22.  Find the least square solution of the system x1=0, x2=0, x1+x2=-1, 0.1x1+0.1x2=0.1.  What is the RMS error ρ, given ρ=(Σr2/N)0.5 where r is the residual [R=Ax-b residual vector] and N is the number of equation.

Answer : (a1,a1)=12+12+0.12=2.01, (a2,a2)=12+12+0.12=2.01, (a1,a2)=(a2,a1)=12+0.12=1.01, (a1,b)=(a2,b)=-12+0.12=-0.99.  The equations become 2.01x1+1.01x2=-0.99---(1), 1.01x1+2.01x2=-0.99---(2), x1=x2, (2.01+1.01)x1=-0.99, x1=x2=-0.3278, r1=-0.3278, r2=-0.3278, r3=2(-0.3278)+1=0.3443, r4=0.1(2)(-0.3278)-0.1=-0.1656, ρ=[(r12+r22+r32+r42)/4]0.5=0.3008

18.57 : Solve yk+2+6yk+1+25yk=2k with y0=0, y1=0.  The solution should be in the form yk=Rk(c1sin kθ+c2cos kθ+C), where C=Bxk/(x2+6x+25).  Useful reference formula are ayk+2+byk+1+cyk=Bxk→ar2+br+c=0, r=R(cos θ±isin θ).

Answer : r={-6±[36-4(25)]0.5}/2=-3±(-3/5±4/5i), sin θ=4/5, cos θ=-3/5

C=Bxk/(x2+6x+25)=2k/(4+12+25)=2k/41

Yk=5k(c1sin kθ+c2cos kθ)+2k/41

When k=0, yk=0, y0=0= c2+1/41, c2=-1/41; k=1, yk=0, 

y1=0=5[c1(4/5)+c2(-3/5)]+2/41

c1=(5/4)[-1/(41x5)+(3/5)c2]=(5/4)[(-2-3)/(5x41)]=-5/164

finally yk=(5k/41)[(-5/4)sin kθ-cos kθ+2k) where θ=cos-1(-3/5)= sin-1(4/5)

12.47 : By using the Excel or other mathematics program calculator, show that the relative maxima and minima of the polynomial (k+2)(k+1)k(k-1)(k-2)(k-3) increase in magnitude with distance from the interval 0<k<1.

Answer : By trials, 5 turning points are found at y’

y=k(k-3)(k2-4)(k2-1)=k(k-3)( k4-5k2+4)=k(k5-5k3+4k-3k4+15k2-12)

= k6-3k5-5k4+15k3+4k2-12k

y’=6k5-15k4-20k3+45k2+8k-12

	k
	-1.7
	-1.65
	-1.6
	
	-0.6
	0.55
	-0.5
	
	0.5
	
	1.5
	1.55
	1.6
	
	2.6
	2.5
	2.7

	y’
	-7.76
	0
	11
	
	1.31
	0
	-3.37
	
	0
	
	3.38
	0
	-1.31
	
	-11.1
	0
	7.76

	|y|
	-
	16
	-
	
	-
	5
	-
	
	3
	
	-
	5
	-
	
	-
	16
	-


Chart shows that |y| increase with distance from 0<k<1; |y|=3, then 5, then 16.

11.29. Given D=δ-12/(22·3!)δ3+1232/(24·5!)δ5-123252/(26·7!)δ7+12325272/(28·9!)δ9,

verify that D2=δ2- δ4/12+δ6/90-δ8/560+ δ10/3150.

Answer : Let D=δ-Bδ3+Cδ5-Aδ7+Eδ9.  Truncate terms above δ10 for  ease of calculation.  D2=δ(δ-Bδ3+Cδ5-Aδ7+Eδ9)-Bδ3(δ-Bδ3+Cδ5-Aδ7+Eδ9)+Cδ5(δ-Bδ3+Cδ5-Aδ7+Eδ9)-Aδ7(δ-Bδ3+Cδ5-Aδ7+Eδ9)+Eδ9(δ-Bδ3+Cδ5-Aδ7+Eδ9)…~(δ2-Bδ4+Cδ6-Aδ8+ Eδ10)+(B2δ6- Bδ4-BCδ8+ BAδ10)+(Cδ6-BCδ8+C2δ10)+( BAδ10-Aδ8)+ Eδ10.  Constant calculation : δ2:1; δ4:-2B=-1/(22/3!)=-1/12; δ6: 2C+B2=2x32/(16x120)+1/(242)=3/320+1/242=1/90; δ8=-2A-2BC=-2(A+BC)=-2[(1x9x25)/(64x7!)+9/(4x3!x16x5!)]=-1/560; δ10=2E+2BA+C2=2(E+BD)+C2=2[11025/92897280+5/(7168x24)+(3/640)2]=1/3150 (via fraction in calculator).  Then  D2=δ2- δ4/12+δ6/90-δ8/560+ δ10/3150… (VERIFIED)

17.87 : Derive the asymptotic : 

∞

∫ sin t2dt = cos x2 [1/(2x)-3/(23x5)+3·5·7/(25x9…]+ sin x2 

x

[1/(22x3)- 3·5/(24x7)+3·5·7·9/(26x11)-…).
                  ∞                    ∞

Answer : ∫sin t2dt = -∫(-2t)(sin t2)/(2t) dt = -[(cos t2)/(2t)- ∫(2t cos t2)/(-2t2·2t) dt ]
                  x                      x
∫(2t cos t2)/(22t3) = (sin t2)/(22t3)-∫(sin t2)(-3)/(22t4)dt
-3/(2·22)∫(-2tsin t2)/(t5)dt=-3/(23t5) cos t2-∫(2t cos t2)(-3·-5)/(24t7)dt

∫(2t cos t2)(-3·-5)/(24t7)dt=-3·5/(24t7) sin t2+∫(2t sin t2)(3·5·7)/(25t9)dt

∫(2t sin t2)(3·5·7)/(25t9)dt=-3·5·7/(25t9) cos t2-∫(2t cos t2)(3·5·7·9)/(26t11)dt

-3·5·7·9/(26t11) sin t2+∫(2t sin t2)(3·5·7·9)/(2t26t11)dt=∫(2t cos t2)(-3·5·7·9)/(26t11)dt…

Note that (d/dt)(cos t2)= -2tsin t2, (d/dt)(sin t2)=2tcos t2.  After rearrangement finally :
∞

∫ sin t2dt = cos x2 [1/(2x)-3/(23x5)+3·5·7/(25x9…]+ sin x2 

x

[1/(22x3)- 3·5/(24x7)+3·5·7·9/(26x11)-…).

26.122 : By using any matrix method, invert the matrix below :

	1
	1/3
	1/5

	1/3
	1/5
	1/7

	1/5
	1/7
	1/9


You may use exchange method proposed below :

Initial :                            First exchange : 

	
	x1
	x2
	x3
	
	
	x1
	x2
	b2

	b1
	a11
	a12
	a13
	
	b1
	a11-a13a21/a23
	a12-a13a22/a23
	a13/a23

	b2
	a21
	a22
	a23
	
	x3
	-a21/a23
	-a22/a23
	1/a23

	b3
	a31
	a32
	a33
	
	b3
	a31-a33a21/a23
	a32- a33a22/a23
	a33/a23


Answer :

Initial :

	
	x1
	x2
	x3

	b1
	1
	1/3
	1/5

	b2
	1/3
	1/5
	1/7

	b3
	1/5
	1/7
	1/9


First exchange :

	
	b1
	x2
	x3

	x1
	1
	-1/3
	-1/5

	b2
	1/3
	4/45
	8/105

	b3
	1/5
	8/105
	16/225


Second exchange :                                         Final exchange :

	
	b1
	b2
	x3
	
	
	b1
	b2
	b3

	x1
	9/4
	-15/4
	3/35
	
	x1
	225/64
	-1050/64
	945/64

	x2
	-15/4
	45/4
	-6/7
	
	x2
	-1050/64
	8820/64
	-9450/64

	b3
	-3/35
	6/7
	64/11025
	
	x3
	-945/64
	-9450/64
	11025/64


a13=(3/35)x(11025/64)=945/64; a23=(-6/7)(11025/64)=-9450/64=a32; 

a31=(-3/35)x(11025/64)=-945/64; a11=(9/4)+(11025/64)(3/35)2=225/64; a33=11025/64;

a12= -15/4-(11025/64)(6/7)(3/35)=-1050/64=a21; a22=45/4+(11025/64)(6/7)2=8820/64.

Final answer could be simplified to : 

	15
	15
	-70
	63

	64
	-70
	588
	-630

	
	63
	-630
	-735


                                1

16.18 . Evaluate ( e-x ln x dx correct to three places by using the series of the exponential 

                          0

                          1
function.  Take ( xi ln x dx = -1/(i+1)2 and series could be found using Taylor polynomial 

n                        0
(y(i)(x0)(x-x0)i/i!.

i=0
Answer : Let = e-x=1-x+ x2 /2!- x3/3!+ x4/4!- x5/5!+x6/6!- x7/7!...

1                       1                    1                              1                              1
( e-x ln x dx=( x0 ln x dx-( x1 ln x dx+1/2! ( x2 ln x dx-1/3! ( x3 ln x dx

0                     0                     0                               0                              0
= -1+1/(1!22)-1/(2!32)+1/(3!42)-1/(4!52)+1/(5!62)-1/(6!72)+1/(7!82)…

=-1+0.25-0.05555+0.01042-0.001671+0.000231-0.000028+0.0000031=-0.797

(accurate to three places)

19.82. A raindrop of mass m has speed v after falling for time t.  Suppose the equation of motion to be dv/dt=32-cv2/m where c is a measure of air resistance.  It can then be proved that the speed approaches a limiting value.  Find the limiting value by analytical method and Euler approximation method yk+1-yk+1=hy’.

Answer : Analytical method dv/dt=0 for terminal velocity, then 32-cv2/m=0, v=(32/2)0.5=4 unit, v’=dv/dt=32-2v2.  By Euler approximation, trial v(0)=3, v’=32-18=14, v(1)=3+14=17, v’=32-2(17)2=-546 (not possible).  By interpolation when v’=0, v(3.35.

10.15 Find a polynomial of degree four which meets the following conditions, using derivation as one of the steps.  When xk=0, yk=1, yk’=0; xk=1, yk=0; xk=2, yk=9, yk’=24.

Answer : Formula yk=y0+xy0’+Axi2+Bxi3+Cxi4 ( A+B+C=-1 for x1=1, y1=0.  First derivation : Ax22+Bx23+Cx24 = y2-y0-x2y0’; 4A+8B+16C=9-1-2y0=8 ---(1)

Second derivative 2Ax+3Bxi2+4Cxi3=y2’-y0’; 4A+12B+32C=24 ---(2);

Initial value produce 4A+4B+4C=-4 ---(3); (2)-(1) : 4B+16C=16 ---(4); (2)-(3): 8B+28C=228---(5); (4)x2: 8B+32C=32---(6); (6)-(5): 4C=4, C=1, B=0; A=-1-C-B=-1-C-B=-1-1=-2; p(x)=1-2x2+x4.

                                                                   1
8.20 : Lagrange’s formula is p(x)=(Li(x)yi where the Lagrange multiplier function 

                                                       i=0
Li(x)=[(x-x0)(x-x1)…(x-xi-1)(x-xi+1)…(x-xn)]/[(xi-x0)(xi-x1)…(xi-xi-1)(xi-xi+1)…(xi-xn)]; Li(xk)=0 for k(i, Li(xi)=1.  Show that : L0(x)=1+(x-x0)/(x0-x1)+(x-x0)(x-x1)/[(x0-x1)(x0-x2)]+…+(x-x0)…(x-xn-1)/[(x0-x1)…(x0-xn)].  Similar expansion could be written for other coefficients.
Answer : Using 4 points as difference : (xi, yi), (xj, yj), (xk, yk), (xl, yl)

Let (xi-xj)(xi-xk)(xi-xl)=xi3-(xj+xk+xl)xi2+(xjxk+xkxl+xjxl)xi-xjxkxl---(1)
(x-xi)(xi-xk)(xi-xl)= (x-xi)[xi2-(xk+xl)xi+xkxl=xi2x-(xk+xl)xix+xkxlx-xi3+(xk+xl)xi2- xixkxl---(2)

(x-xi)(x-xj)(xi-xl)=(xi-xl)[x2-(xi+xj)x+xixj]=xix2-(xi+xj)xxi+xi2xj-xlx2+(xixl+xjxl)x-xixjxl ---(3)
(x-xi)(x-xj)(x-xk)=x3-(xi+xj+xk)x2+(xjxk+xixl+xixl)x-xixjxk---(4)                       l 
(1)+(2)+(3)+(4)=x3-(xj+xk+xl)x2+(xjxk+xkxl+xixl)x-xjxkxl=(x-xj)(x-xk)(x-xl)=Π(x-xi)
Other induction will produce similar formula.  When k=0,                             i=j

L0=1+(x-x0)/(x0-x1)+(x-x0)(x-x1)/[(x0-x1)(x0-x2)]..+…+(x-x0)..(x-xn-1)/[(x0-x1)..(x0-xn)]
This is also shown for other expansion too when i(0.

21.101.  The powers of x in terms of Chebyshev polynomials are : 1=T0, x=T1, x2= ½(T0+T2), x3= ¼(3T1+T3), x4= ⅛(3T0+4T2+T4), x5= (1/16)(10T1+5T3+T5).  Economize the result ln(1+x)≈x-½x2+⅓x3-¼x4+(1/5)x5 by rearranging into Chebyshev polynomials and then retaining only the quadratic terms.  Show that the final result ln(1+x)≈(1/32)+(11/8)x-(3/4)x2 has about the same accuracy as the fourth-degree part of the original approximation.

Answer : ln(1+x)≈x-½x2+⅓x3-¼x4+(1/5)x5=T1-(1/4)(T0+T2)+(1/12)(3T1+T3)-(1/32)(3T0+4T2+T4)+(1/80)(10T1+5T3+T5)=(-1/4)T0+T1–(1/4)T2 (truncate T3, T4, T5 terms).  Then –(3/32)T0+(1/4)T1–(1/8)T2+(1/8)T1=(-11/32)+(11/8)T1-(3/8)T2=-11/32+11/8x-(3/8)(2x2-1)=(-1/32)+(11/8)x-(3/4)x2=g(x) (shown)
Let f(x)=x-(1/2)x2+(1/3)x3-(1/4)x4 (fourth degree).  Trials: g(0.25)-f(0.25)=0.3281-0.223=0.105; g(0.5)-f(0.5)=0.531-0.301=0.130; g(0.75)-f(0.75)=0.6406-0.53=0.11; g(-0.5)-f(-0.5)=-0.844+0.682=-0.162.  All errors are less than 0.2, almost shown same accuracy.
                                                         ∞
24.49 : Fourier series y(t)=(1/2)α0+Σ(αkcos kt+ βksin kt) have coefficient formula 

            2π                                   2π   k=1                          
αj=(1/π)∫y(t)cos jt dt and βj=(1/π)∫y(t)sin jt dt.  Show that the Fourier series for 

              0                                                0
y(x)=x2 for x between –π and π , and of period 2π is : 
                    ∞                                                                       ∞
y(x)= π2/3-4Σ(-1)k-1cos kx /k2.  Evaluate the series Σ(1/ k2).
                        k=1                                                                    k=1
                            π                                                                                            π
Answer : αk=(2/π)∫x2cos kx=(2/π)[ x2cos kx/k-(1/k)∫sin kx (2x) dx]
                            0                                                             π                              0
=(2/π)[x2sin kx/k-(2/k)(-x cos kx / k+∫cos kx/k dx)]=(2/π)[x2sin kx/k+2x cos kx/k2-2/ 
                π                                                                           0     π                            π
sin kx/k3]=(1/π)(2πcos kπ/k2)=4(-1)k/k2;  ½ α0=(2/2π)∫x2dx=(x/3π)[x3]= π2/3
            π   0                                                                                  0                     π     0
βk=(2/π)∫x2kx dx=(2/π)[-x2cos kx/k+(2/k)(x sin kx/k-∫sin kx/k dx)]=(2/π)[-x2cos 

            0                                 π                                                                      0
kx/k+2x sin kx/k2-2cos kx/k3]=0
                          π                       0                           π
( y(t)=(1/2)α0+Σ(αkcos kt+ βksin kt)=π2/3-4Σ(-1)k-1cos kx /k2.  (shown)

                         k=1                                π       k=1 π
Let x=π, (-1)k-1cos kx=-1, y(x)=π2/2+4Σ(1/k2);  Σ(1/k2)=(π2/4)(1-1/3)= 2π2/(3x4)=π2/6.

                                                             k=1            k=1
20.18 : Show that the solution of yy”+3(y’)2=0 with y(0)=1 and y’(0)=1/4 can be expressed as : y(x)=1+x/4-3x2/32+7x3/128….Use Taylor series.
Answer : yy”+3(y’)2=0, then y”=-3(y’)2/y=-3(1/4)2=-3/16.  y(3)=-3(y’)2(-y-2)y’+(1/y)(-6y’y”)=3(y’)3/y2-6y’y”/y=3/64-6(1/4)(-3/16)=21/68.  So y(x)=y(0)+xy’(0)+x2y’(0)/2+x3y(3)(0)/6…=1+x/4-3x2/32+7x3/128…(shown)
22.37 : Find the equal error parabola for the four points (0,0), (π/6, 1/2), (π/3, 3½/2) and (π/2, 1) of the curve y=sin x, using the equations form : p(x)-y(x)=|h|, p(x)= ax2+bx+c.

Answer : When y(x)=sin x, p(x)=ax2+bx+c; When x=0, p-y=c=h---(1); 

x=π/6, p-y=(π/2)2a+(π/6)b+c-sin(π/6)=-h---(2)

x=π/3, p-y=(π/3)2a+(π/3)b+c-sin(π/3)= h---(3)

x=π/2, p-y=(π/2)2a+(π/2)b+c-sin(π/2)=-h---(4)

(4)-(2): [(π/2)2-(π/6)2]a+(π/2-π/6)b=sin(π/2)-sin(π/6)---(5)
(5)-(3): [(π/2)2-(π/6)2-(π/3)2]a=sin(π/2)-sin(π/6)-sin(π/3); 

a=(1-0.5-0.866)/(2.468-0.2742-1.097)=-0.334; b=1.177; 2c=-0.025, c=h=-0.0124;
(p(x)=-0.334x2+1.177x-0.0124 or fraction form : 

p(x)=(5-3·3½)/16+3x(3½-1/2)/π+9x2(1-3½)/(2π2).

25.60 : Find the dominant (real) root of the Fibonacci equation x2-x-1=0 using Bernolli’s Method with 10 iterations.  The equation p(x)=a0xn+a1xn-1+…+an could be changed to a0xk+a1xk-1+…+anxk-n=0 where x0=1; xn=0 when n<0; xk+1/xk=r that converge as r increase if correct.
Answer : x2-x-1=0 could change to xk-xk-1-xk-2=0, x0=1, x-1=x-2=0.  Iterations ten times below gives x≈1.618.
	k
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10

	xk
	1
	2
	3
	5
	8
	13
	21
	34
	55
	89

	xk+1/xk
	 2
	1.5
	1.667
	1.6
	1.625
	1.615
	1.619
	1.617
	1.618
	1.618


9.22 Find the natural spline constants C1, C2, C3 that passes through the points : y(0)=0, y(1)=0, y(2)=1, y(3)=0, y(4)=0.  Set C0=C4=0 and use the spline formula :
αi=hi+1/(hi+hi+1); βi=1-αi; di=6{[(yi+1-yi)/hi+1]-[(yi-yi-1)/hi]}/(hi+hi+1); βiCi-1+2Ci+αiCi+1= di.
Answer : h=1/(1+1)=1/2

d1=(6/2)[(y2-y1)-(y1-y0)]=3(1-0)=3

d2=(6/2)[(y3-y2)-(y2-y1)]=3(-1-1)=-6

d3=(6/2)[(y4-y3)-(y3-y2)]=3(0+1)=3

Constant equations : 

(1/2)C0+2C1+(1/2)C2= 3---(1)
(1/2)C1+2C2+(1/2)C3=-6---(2)

(1/2)C2+2C3+(1/2)C4= 3---(3)

(1)-(3): 2C1-C3=0, C1=C3 when C0-C4=0; In (2) C1+12-8C1=-6; 18=7C1; C1=18/7=C3;

In (1) C2=2(3)-2(1)=6-4C1=6-4(18/7)=(42-72)/7=(-30/7).


8.28 : Show that y(x0, x1)=   1  y0  , y(x0, x1,x2)=   1  x0   y0  

                                              1  y1                           1  x1   y1  

                                            --------                         1  x2   y2  

                                              1  x0                          ---------------

                                              1  x1                                       1  x0   x02  

                                                                                1  x1   x12  

                                                                                1  x2   x22    

where  y(x0, x1,…, xn)=Σyi/[Fin(xi)] and Fin(xi)=(xi-x0)(xi-x1)…(xi-xi-1)(xi-xi+1)… (xi-xn).
Answer : Based on definition, y(x0, x1)=y1/(x1-x0)+y0/(x0-x1) and 

y(x0, x1,x2)=y0/[(x0-x1)(x0-x2)]+y1/[(x1-x0)(x1-x2)]+y2/[(x2-x0)(x2-x1)].  Matrix expression produces y(x0, x1)=(y1-y0)/(x1-x0)=y1/(x1-x0)+y0/(x0-x1) (first expression shown).  For second expression y(x0, x1,x2), numerator produces x0y1-x1y0- x0y1-x0y2+ x2y0+x1y2-x2y1=y0(x2-x1)+y1(x0-x2)+y2(x1-x0).  Denominator produces x1x22-x2x12- x0x22+x2x02+x0x12-x1x02= x02(x2-x1)+x12(x0-x2)+x02(x1-x0)=(x0-x1)(x0-x2)(x2-x1).  Then y(x0, x1,x2)=y0/[(x0-x1)(x0-x2)]+y1/[(x1-x0)(x1-x2)]+y2/[(x2-x0)(x2-x1)] (second expression shown)
10.8 : Apply Hermite’s formula to find a cubic specifications : 

	xk
	yk
	yk’

	0
	0
	1

	1
	1
	1


This can be viewed as a switching path between non-parallel tracks.  Let L0=(x-x1)/(x0-x1), L1=(x-x0)/(x1-x0), L0’=1/(x0-x1), L1’=1/(x1-x0), y0=0; p(x)=
n

ΣUi(x)yi+Vi(x)yi’=U1(x)y0+V1(x)y1’ when n=1 with Ui(x)=[1-2Li’(xi)(x-xi)[Li(x)]2 

i=0

and Vi(x)=(x-xi)[Li(x)]2.
Answer : L1(x)=(x-0)/(1-0)=x; L1’(x1)=1/(1-0)=1, p(x)=U1(x)y0+V1y1’=[1-2(x-1)] x2+(x-1)x2=x2-2x3+2x2+x3-x2=-x3+2x2.
12.48 : How large an interval h is consistent with interpolation by Everett’s fifth-degree formula if the function is ln x and 5 place accuracy is required.  Assume equally spaced collocationarguments x-1, x0, x1, x2; y(x)-p(x)=(x-x-1)(x-x0)(x-x1)(x-x2)[y(4)(ξ)]/4!=(k+1)k(k-1)(k-2)[y(4)(ξ)]/24 for cubic polynomial when n=3.  Assume also the collocation arguments equally spaced and at k=-2,-1,…,3 as in Everett’s formula, y(x)-p(x)=π(x)[y(n+1)(ξ)]/(n+1)!=(k+2)(k+1)k(k-1)(k-2)(k-3)h6[y(6)(ξ)]/720.  Take k=1/2 and x=1.

Answer : Error E for 5 place accuracy : E=0.000005.  Multiple derivation formula : y(x)=ln x; y’(x)=1/x=x-1, y(2)(x)=-x-2, y(3)(x)=2x-3, y(4)(x)=-6x-4, y(5)(x)=24x-5, y(6)(x)=- 120x-6.  Use only the second assumption for n=5 (fifth degree): |y(x)-p(x)|= (k+2)(k+1)k(k-1)(k-2)(k-3)/720=E=0.000005=-3.515625h6(-120)/720.  h6=8.5333x 10-6.  Finally h=0.14295 (around 0.15)

12.44 : In quadratic approximation with Newton’s formula, the function k(k-1)(k-2) appears in the truncation error estimate.  Show that this function does not exceed 2·3½/9 in absolute value for 0<k<2.

Answer : Let y=k(k-1)(k-2)=k(k2-3k+2)=k3-3k2+2k.  y’=3k2-6k+2; When y’=0, y(k)=maximum value where k is higher value.  y’=0=3k2-6k+2, k={6([36-4(6)]} ½/[2(3)]=(6(2·3½)/6=1+3½/3 (higher k value) or 1-3½/3 (lower k value).  Only higher k=1+3½/3 is used to get maximum y.  Then y=(1+3½/3)3-3(1+3½/3)2+2(1+3½/3)=1+3(3½/3)+3(3/9)+27½/27-3(1+2·3½/3+3/9)+2+2·3½/3=1+3½+1+3½/9-3(4/3)-2·3½+2-2·3½/3=3½(1+1/9-2+2/3)=-2·3½/9, |y|=2·3½/9(shown)
9.24 : Conventional formula for spline is : Si(x)=Ci-1(xi-x)3/(6hi)+Ci(x-xi-1)3/(6hi)+(yi-1-Ci-1hi2/6)(xi-x)/(hi)+(yi-Cihi2/6)(x-xi-1)/(hi).  The case in which all data points fall on a straight line is hardly called a spline, where in such case all constants Ci must be zero and is also the second derivative of slope.  Show that Si(x) could be changed to linear system.  Then find the slope and intercept.

Answer : For linear system, slope, m=(yi+2-yi+1)/(hi+2)=(yi+1-yi)/(hi+1)=(yi-yi-1)/(hi); m’=0.  Ci-1=Ci=Ci+1=0.  Si(x)=yi-1(x0-x)/h+yi(x-x-1)/h=(yi-yi-1)x/h+(yi-1+x0-yixi-1)/h.  Slope=(yi-yi-1)/h, intercept=(yi-1+x0-yixi-1)/h  (shown)

5.12 : The binomial coefficients are related to factorial polynomials by : (kn)=k(n)/n! 

                                                                 n-1

where k(n)=k(k-1)…(k-n+1).  Show that Σ(ik)= (nk+1)-(1k+1).  Recursion formula is (kn)= 
                                                                 i=1

(k+1n+1)-(kn+1).

                                                 n-1=1                                                                                 n-1=2
Answer : Let (1k)= (2k+1)-(1k+1), Σ(ik)= (2k+1)-(1k+1);  (2k)= (3k+1)-(2k+1), Σ(ik)= (1k)+ 
                                          n-1=3    i=1                                                                                   i=1
(2k)=(3k+1); (3k)= (4k+1)-(3k+1), Σ(ik)= (1k)+ (2k)+ (3k)=(4k+1)-(1k+1).  By observation of 

                         n-1                         i=1
induction, then Σ(ik)= (nk+1)-(1k+1). (shown).

                         i=1  

21.97 : The Chebyshev polynomials are defined for -1(x(1 by Tn(x)=cos (n arcos x).  By using the relationships 2 cos m cos n = cos (m+n)+cos (m-n), prove Tm+n(x)+ Tm-n(x)=2Tm(x)Tn(x).  Then put m=n to obtain T2n(x)=2Tn2(x)-1.  Find T4 in term of x.  Take T0(x)=1.
Answer : Let A=arcos x, cos (m+n)A+cos(m-n)A=2(cos m)A(cos n)A---(1).  Tn(x)=cos nA.  Then the equation (1) could be translated directly into Tm+n(x)+ Tm-n(x)=2Tm(x)Tn(x) (proven).  When m=n, T2n(x)+T0(x)=2Tn2(x); Let T0(x)=1, then T2n(x)=2Tn2(x)+T0(x)= 2Tn2(x)-1.  Let T1(x)=x obtained by T1(x)=cos (arcos x)=x. T2(x)=2T12(x)-1=2x2-1; T4(x)=2T22(x)-1=2(2x2-1)2-1=2(4x2-4x2+1)-1=8x4-8x2+2-1=8x4-8x2+1.
15.55 : Legendre polynomial is given by : Pn(x)=(dn/xn)(x2-1).  Lengthy calculation produce : P4=(1/8)(35x4-30x2+3) and P5=(1/8)(63x5-70x3+15x).  Verify the following Gauss-Legendre arguments and coefficients for the case n=5 where Ak=2(1-xk2)/{n2[Pn-1(xk)]2}.  Data is : xk=0, Ak=0.5689; xk=(0.5384, Ak=0.4786; xk=(0.9062, Ak=0.2369.
Answer : P5 could be factorized into x(x(0.5384)(x(0.9062)=0, 63x5-70x3+15x=x(x+0.5384)(x-0.5384)(x+0.9062)(x-0.9062).  When xk=0, [P4(0)]2=(3/8) 2=0.1406, Ak=(2/25)(1/0.1406)=0.5689; When xk=(0.5384, P4(0.5384)=-0.3444, Ak=(2/25)(1-0.53842)/(-0.3444)2=0.4786; xk=(0.9065, [P4((0.9065)]2=0.0613, Ak=(2/25)(1-0.90652)/(0.0613)=0.2369.  Conclusion : All xks approximately match Ak s.
                                                           ∞
18.42 : For digamma function ((x)=Σx/[i(i+1)]-C where C is Euler’s constant.  

                                                          k=1                                              ∞  
Calculations proved that for x(-i, Δ((x)=((x+1)-((x).  Let ((x)=Σ1/(k+a) if a is 

                                                                                                            k=1
odd and -((x) if a is even.  By using partial fraction, evaluate the exact value of 

∞
Σ1/[k(k+2)].
k=1
Answer : Partial fraction 1/[k(k+2)]=A/k+B/(k+2)=[(A+B)k+2A]/[k(k+2)].  Comparing numerator : A+B=0, 2A=1, then A=½ and B=-½.  Forming diagamma 

                ∞                                    ∞               ∞
function : Σ1/[k(k+2)]=½[Σ(1/k)+Σ1/(k+2)]= ½[-((0)+((2)]---(1).  Let Δ((1)=((2)-
               k=1                                 k=1            k=1
((1)=1/(1+1)=1/2, Δ((0)=((1)-((0)=1 using Δ((x)=((x+1)-((x)=1/(x+1).  

                                                                                                       ∞
Δ((1)+Δ((0)= )=((2)-((0)=1/2+1=3/2.  Substitute in (1) gets Σ1/[k(k+2)]= ½[-

                                                                                                       k=1
((0)+((2)]=(1/2)(3/2)=3/4
                                                                 n
11.22 : Taylor formula is given by p(x)=Σy(i)(x0)(x-x0)i/i!, where y(i) is i times 

                                                                i=0
derivation of function y and x0 is initial x value, normally assumed zero.  Convert sin x into the form of p(x).  For what value of minimum n will the Taylor polynomial approximate sin x correctly to 3 decimal place (E=0.0005) for 0<x<π/2?

Answer : Let y(x)=sin x, y(0)=0, y’(x)=cos x, y’(0)=1; y(2)(x)=-sin x, y(2)(0)=0; y(3)(x)=-1, y(3)(0)=-1; y(4)(x)=sin x, y(4)(0)=0; y(5)(x)=cos x=y’(x), y(6)(x)=y(2)(x).  Value of y’ from i=0 to n are 0, 1, 0, -1, 0, 1, 0, -1, 0….  Then sin x≈p(x)=x-x3/3!+x5/5!-x7/7!... where x is in radian.  Sin x approaches x as x gets smaller.  For 0<x<π/2, maximum error occur at x≈π/2.  For n=1 and 2, sin x≈x=π/2=1.57 (E>0.0005); n=3 and 4, sin x≈x-x3/3!=0.9268 (E>0.0005); n=5 and 6, sin x≈x-x3/3!+x5/5!=1.0045 (E>0.0005); n=7 and 8, sin x≈x-x3/3!+x5/5!-x7/7!=0.9998 (E<0.0005) where sin (π/2)=1.  (Minimum value n=7 for E<0.0005.

17.86 : The Bernoulli numbers bi=(-1)i+1B2i for i=1, 2, … where B0=1 for k=2, 3, …;  

k-1
Σ(ki)Bi =0.  Calculations show b1=1/6, b2=1/30, b3=1/42, b4=1/30, b5=5/66, 

i=0
b6=691/2730,  b7=7/6, b8=3617/510, b9=43867/798.  How accurately does the Stirling series produce 2! And at what point do the terms of the series start to increase?  Stirling series formula is ln {n!en/[(2π)0.5nn+0.5]}≈b1/(2n)-b2/(3·4n3)+b3/(5·6n5)-…(-1)k+1bk/[(2k)(2k-1)n2k-1.

Answer : Using n=2, ln {2!e2/[(2π)0.5n2.5]}≈b1/(2n)-b2/(3·4n3)+b3/(5·6n5)-b4/(7·8n7)+b5/(9·10n9)-b6/(11·12n11)+ b7/(13·14n13)-b8/(15·16n15)+b9/(17·18n17)… based on the given data.  Electronic calculator produces : ln [2!(0.521103)]≈0.041341.  So 2!≈2 (very accurate).  Find the value of every fraction, b1/(2n)=0.04167, b2/(3·4n3)=0.000347, b3/(5·6n5)=0.0000248, b4/(7·8n7)=0.00000465, b5/(9·10n9)=0.00000164, b6/(11·12n11)=0.000000936, b7/(13·14n13)=7.82x10-7, b8/(15·16n15)=9.01x10-7, b9/(17·18n17)=1.37x10-6.  Fraction value decrease from term with b1 until b7 (0.04167(7.82x10-7).  From b7 fraction term onwards the value increases (7.82x10-7(1.37x10-6).  The terms of the series start to increase is SEVEN (7).
25.74 : Bairstow’s method could be used to determine the complex roots of polynomial equation of higher order, make it approach quadratic function x2-ux-v=0.  Iterations required towards higher accuracy, leading to roots x1, x2=½u(i(-v-¼u2)0.5.  Apply the Bairstow method to x4-3x3+20x2+44x+54=0 to find a quadratic factor close to x2+2x+2, up to iteration where h<0.01 and k<0.01.  Final u and v could be approximated by ui+1=ui+hi+1 and vi+1=vi+ki+1.  Initial values are h0=0, k0=0 and u0=-2, v0=-2 with reference to approximated quadratic function x2+2x+2 derived from x2-ux-v=0.  First iteration step is shown as below for a0x4+a1x3+a2x2+a3x+a4=0, let b-2=b-1= c-2=c-1=0; b0=a0, b1=a1+ub0, bk=ak+ubk-1+vbk-2 for k(2;  c0=b0, c1=b1+uc0, ck=bk+uck-1+vck-2 for k=2, 3,…n.  Take n=4 for quadruple function in this question.

	k
	0 or (n-4)
	1 or (n-3)
	2 or (n-2)
	3 or (n-1)
	4 or (n-0)

	ak
	1
	-3
	20
	44
	54

	bk
	1
	-5
	28
	-2
	2

	ck
	1
	-7
	40
	-68
	-


Initial h1 and k1 values could be approximated using the formula hi=(bncn-3-bn-1cn-2)/ (cn-22-cn-1cn-3) and ki=(bn-1cn-1-bncn-2)/ (cn-22-cn-1cn-3), leading to h1=66/1124=0.0587 and k1=56/1124=0.0498.  Then u1=u0+h1=-1.9411 and v1=v0+k1=-1.95.

Answer : Using the sample iteration method in question, second stage iteration below could be performed, leading to h2=-0.3412/1095.54=-0.000311 and k2=-4.164/1095.54=-0.003, satisfying the iteration limit when h<0.01 and k<0.01.

	k
	0 or (n-4)
	1 or (n-3)
	2 or (n-2)
	3 or (n-1)
	4 or (n-0)

	ak
	1
	-3
	20
	44
	54

	bk
	1
	-4.9411
	27.64
	-0.014
	0.129

	ck
	1
	-6.883
	39.05
	-62.388
	-


U2=u1+h2=-1.941-0.000311=-1.9413 and v2=v1+k2=-1.953.  Then x1, x2=½u(i(-v-¼u2)0.5=(1/2)(-1.9413)(i(1.953-1.94132/4)0.5=0.9707(i(1.0054).  Approximated quadratic equation is f(x)=x2+1.9413x+1.953.

27.27 : In two person games, the optimal strategies and payoff could be found using simplex method, similar to using matrix methods in the solution of simultaneous equation.  For game A=[4123], tables of exchange below could be produced : 

	Basis
	b
	v1
	v2
	v3
	v4
	
	Basis
	b
	v1
	v2
	v3
	v4
	
	Basis
	b
	v1
	v2
	v3
	v4

	v3
	1
	1
	4
	1
	0
	
	v2
	¼
	¼
	1
	¼
	0
	
	v2
	y1
	0
	1
	-
	-

	v4
	1
	3
	2
	0
	1
	(
	v4
	½
	5/2
	0
	-½
	1
	(
	v1
	y2
	1
	0
	θ
	Ω

	
	0
	1
	1
	0
	0
	
	
	-¼
	¾
	0
	-¼
	0
	
	
	δ
	0
	0
	x1
	x2


Where optimal payoff is |1/γ|; |1/γ|yi=qi and |1/γ|xi=pi, leading to R(q1,q2) and C(p1,p2).  Find θ, Ω, δ, y1, y2, x1, x2, R(q1,q2) and C(p1,p2).
Answer : θ=-(1/2)(2/5)=-1/5, Ω=1(2/5)=2/5, x1=-1/4+(1/5)(3/4)=-1/10, x2=2/5(-3/4)=-3/10, y1=1/4-(1/5)(1/4)=1/5, y2=1/2(2/5)=1/5, δ=-1/4-(1/5)(3/4)=-2/5, q1=(5/2)(1/5)=1/2, q2=(5/2)(1/5)=1/2, R(½,½);p1=(5/2)(1/10)=1/4, p2=(5/2)(3/10)=3/4, C(¼,¾).
23.31 : The rational approximate function y(x)=57.298677+(x-1)/γ where γ=-0.03491+(x-2)/[-57.2819+(x-3)/294.915] could be obtained with reference to the table below :

	x
	y(x)
	ρ1
	ρ2
	ρ3

	1
	57.298677
	
	
	

	
	
	-0.03491
	
	

	2
	28.653706
	
	0.01682
	

	
	
	-0.10475
	
	294.88

	3
	19.107321
	
	0.02699
	

	
	
	-0.20957
	
	

	4
	14.335588
	
	
	


(a) Interpolate y(1.5) using the given information. (b) Using simple arithmetic, show that how the number in the table 294.915=(a-b) and -57.2819=(c-d) in y(x) formula could be obtained by finding the value a, b, c and d.  (c) If the number in the table 0.01682 could be obtained by using operations of numbers available (3-1)/(-0.10475+0.03491)+28.653706=0.01682, show how 0.02699 could be obtained using the same operation procedures in column ρ2?

Answer : (a) Direct formula substitution : (a) y(1.5)=57.298677+(1.5-1)/{-0.03491+(1.5-2)/[-57.2819+(1.5-3)/294.915]}≈38.2015.  (b) (a-b)=294.88+0.03491=294.915 and (c-d)=0.01682-57.298677=-57.2819.  (c) In column ρ2=0.02699=(4-2)/(-0.20957+0.10475)+19.107321 (shown)

26.91 : Use any form of matrix method to solve the following simultaneous equations : x1+x2+x3+x4+x5=1; x1+2x2+3x3+4x4+5x5=0; x1+3x2+6x3+10x4+15x5=0; x1+4x2+10x3+20x4+35x5=0; x1+5x2+15x3+35x4+70x5=0.

Answer : Column by column subtraction produces :

	1
	1
	1
	1
	1
	1
	
	1
	1
	1
	1
	1
	1
	
	

	1
	2
	3
	4
	5
	0
	
	0
	1
	2
	3
	4
	-1
	
	

	1
	3
	6
	10
	15
	0
	≈
	0
	2
	5
	9
	14
	-1
	≈
	

	1
	4
	10
	20
	35
	0
	
	0
	3
	9
	19
	34
	-1
	
	

	1
	5
	15
	35
	70
	0
	
	0
	4
	14
	34
	69
	-1
	
	


	1
	1
	1
	1
	1
	1
	
	1
	1
	1
	1
	1
	1
	
	

	0
	1
	2
	3
	4
	-1
	
	0
	1
	2
	3
	4
	-1
	
	

	0
	0
	0.5
	1.5
	3
	0.5
	≈
	0
	0
	0.5
	1.5
	3
	0.5
	≈
	

	0
	0
	1
	3.333
	7.333
	0.667
	
	0
	0
	0
	0.333
	1.333
	-0.333
	
	

	0
	0
	1.5
	5.5
	13.25
	0.75
	
	0
	0
	0
	1
	4.25
	-0.75
	
	


	1
	1
	1
	1
	1
	1

	0
	1
	2
	3
	4
	-1

	0
	0
	0.5
	1.5
	3
	0.5

	0
	0
	0
	0.333
	1.333
	-0.333

	0
	0
	0
	0
	0.251
	0.25


(Solve the last row of equation x5=0.25/0.251=1; 4th row : x4=(-0.333-1.333x5)/0.333=-5 where x5=1; 3rd row : x3=(0.5-3x5-1.5x4)/0.5=10; 2nd row : x2=-1-4x5-3x4-2x3=-1-4-3(-5)-2(10)=-10.  Finally x1=1-x2-x3-x4-x5=1+10-10+5-1=5

                                                                                                xn 
14.52 : By using the adaptive integration or Simpson’s rule, ∫y(x)dx≈(h/3)(y0+4y1+ 
                                                               1                                              x1
2y2+4y3+…+2yn-2+4yn-1+yn), calculate ∫dx/(1+x2) correct to seven places or 

                                                              0
approaching using h=0.1.  Show that the exact answer is π/4 by analytical method, substituting x=tan θ.

Answer : Table below could be generated for approximated value with h=0.1 and y(x)=1 when x=0 and n=0.

	n
	1
	2
	3
	4
	5

	x
	0.1
	0.2
	0.3
	0.4
	0.5

	y=1/(1+x2)
	0.990099
	0.96153846
	0.91743119
	0.86206897
	0.8


	n
	6
	7
	8
	9
	10

	x
	0.6
	0.7
	0.8
	0.9
	1.0

	y=1/(1+x2)
	0.73529412
	0.67114094
	0.60975610
	0.55248619
	0.5


By using Simpson’s rule, 
1
∫dx/(1+x2)≈(h/3)[(y0+y10)+4(y1+y3+y5+y7+y9)+2(y2+y4+y6+y8)]=(0.1/3)(17.22462928

0
+6.3373153)=0.785398152≈0.7853982 (7 decimal place approach).  For analytical 

                                                                                                                           θ2                 x2
method : Let x=tan θ, dx=sek2θ, 1+x2=1+tan2θ=sek2θ.  The integral becomes ∫dθ=[θ]= 
           1                                                                                                                                                                     θ1                  x1
[tan-1x]= tan-11-tan-10=π/4 (shown).  Reference trigonometric relationships are x1=tan 

               0

θ1=0 and x2=tan θ2=tan (π/4)=1, with θ1=0 and θ2=π/4.

13.22 : Bessel’s formula is given by pk=μy½+(k-½)δy½+(k2)μδ2y½+⅓(k-½)(k2)δ3y½+…+(k+n-12n)μδ2ny½+[1/(2n+1)](k-½)(k+n-12n)δ2n+1y½.  To represent n derivatives of pk, operator D could be used with x=x0+kh to obtain hnp(n)(x)=Dpk.  Differentiate Bessel’s formula above by obtaining derivatives up to p(5)(x) in terms of differences through the fifth, δ5y½.  Let pk(n)=p(n)(k)=dnp(k)/dnk.

Answer : Bessel’s formula up to δ5y½ term: pk=μy½+(k-½)δy½+(k2)μδ2y½+⅓(k-½)(k2)δ3y½+(k+14)μδ4y½+(1/5)(k-½)(k+14)δ5y½=μy½+(k-½)δy½+k(k-1)μδ2y½/2+⅓(k-½)(k(k-1)δ3y½/2+(k+1)k(k-1)(k-2)μδ4y½/4!+(1/5)(k-½)+(k+1)k(k-1)(k-2)δ5y½/4!= μy½+(k-½)δy½+k(k2-k)μδ2y½/2+(k3-1.5k2+0.5k)δ3y½/6+(k4-2k3-k2+2k)μδ4y½/24+(k5-2.5k4+2.5k2-k)δ5y½/120.  Using relations hnp(n)(x)=Dpk, hp’=δy½+(2k-1)μδ2y½/2+(6k2-6k+1)δ3y½/12+(4k3-6k2-2k+2)μδ4y½/24+(5k4-10k3+5k-1)δ5y½/120;   h2p(2)(x)= μδ2y½+( k-½)δ3y½+(0.5k2-0.5k+1/12)μδ4y½+[(1/6)k3-(1/4)k2+(1/24)δ5y½]; h3p(3)(x)=δ3y½+(k-½)μδ4y½+(0.5k2-0.5k)δ5y½; h4p(4)(x)=μδ4y½+(k-½))δ5y½; h5p(5)(x)=δ5y½.

20.19 : By Taylor’s method assumption that y”, y’ and y are the polynomial function of x, or f(x)=y”(x), g(x)=y’(x) and h(x)=y, show that x2y”-2x2y’+(¼+x2)y=0 has a solution of the form y(x)=x2(a0+a1+a2x2+…) and determine the coefficient a0 if the condition lim [y(x)/x2]=1 is required for x approaching zero. 

Answer : Function x2y”-2x2y’+(¼+x2)y=0 could be rearranged into y=-4x2y”+8x2y’-4 x2y=x2[-4f(x)+8g(x)-4h(x)]=x2(a0+a1+a2x2+…) (shown).  When y(x)/x2 ≈1, then x(0, 

a0≈y(x)x2=1.

                                                           ∞                                                        n                      n
5.14 : Telescoping method produces ∑3/[i(i+3)]=11/6 where ∑3/(i+3)=∑[(1/i)-

                                                           i=1                                                    i=1                    i=1

1/(i+3)]=1+1/2+1/3-1/(n+1)-1/(n+2)-1/(n+3).  Use similar procedure evaluate 

∞
∑1/[i(i+2)].

i=1                               n                          n
Answer : Let Sn=∑1/[i(i+2)]=½∑[(1/i)-1/(i+2)]= ½[1+½-1/(n+1)-1/(n+2)]=3/4-

                            i=1                             i=1                

½[1/(n+1)-1/(n+2)].  When n(∞, lim Sn (n(∞)≈¾.

7.33 : Newton’s backward formula generates the equation pk=1+2k+4k(k+1)/2!+8k(k+1)(k+2)/3!+16k(k+1)(k+2)(k+3)/4! From the table below :

	k
	xk
	yk
	(yk
	(2yk
	(3yk
	(4yk

	-4
	1
	1
	
	
	
	

	
	
	
	-2
	
	
	

	-3
	2
	-1
	
	4
	
	

	
	
	
	2
	
	8
	

	-2
	3
	1
	
	-4
	
	D

	
	
	
	-2
	
	C
	

	-1
	4
	-1
	
	B
	
	

	
	
	
	A
	
	
	

	0
	5
	1
	
	
	
	


Find the values of A, B, C and D, where the answers could be found from the integers and constants in equation pk.  Find general equation pk.

Answer : A=1-(-1)=2, B=2-(-2)=4, C=4-(-4)=8, D=8-(-8)=16.  Generalized equation for Newton’s backward formula is : pk= y0+k(y0+k(k+1)(2y0 /2!+…k…(k+n-1)(ny0 /n!.

4.33 : Let k(n)=k(k-1)(k-2)…(k-n+1); kn=∑sink(i) and si(n+1)= si-1(n)+isi(n) where s is the polynomial constant.  For zk=ak(m)(bk(n), (zk=amk(m-1)(bnk(n-1).  (a)Find the value (, ( and ( from the table below :

	(n         i(
	1
	2
	3
	4
	5

	1
	1
	
	
	
	

	2
	1
	1
	
	
	

	3
	1
	3
	1
	
	

	4
	1
	7
	6
	1
	

	5
	1
	(
	(
	(
	1


(b) Find the factorial polynomial for yk=80k3-30k4+3k5 in the form of yk=ak(5)+bk(4)+ ck(3)+dk(2)+ek(1)+f.  (c)Find (yk for question (b). Then convert the results into conventional polynomial.

Answer : (a) Using equation si(n+1)= si-1(n)+isi(n), (=1+2(7)=15, (=7+3(6)=25 and (=6+4(1)=10.  (b) yk=80k3-30k4+3k5=[80k(1)+240k(2)+ 80k(3)]-[30k(1)+210k(2)+ 180k(3)+30k(4)]+[3k(1)+ 45k(2)+75k(3)+30k(4)+3k(5)=53k(1)+75k(2)-25k(3)+3k(5) where a=3, b=0, c=-25, d=75, e=30, f=0.  (c) Using the relationships (zk=amk(m-1)(bnk(n-1), (yk=53+150k-75k(2)+15k(4).  By the formula k(n)=k(k-1)(k-2)…(k-n+1), (yk=53+150k-75(k2-k)=15(k4-6k3+11k2-6k)=53+150k+75k-75k2-90k+165k2-90k3+ 15k4=53+135+90k2-90k3+15k4 (conventional polynomial)

6.19 : Polynomial of degree two that collocates with y=x½ at x=0, 1, 4 need to be 

                                                    -n
found.  (a) Newton’s formula is ∑(ki)(iy0.  If Newton’s formula is applicable then find 

                                                   i=0
the collocation formula.  If Newton’s formula is not applicable please state the reason. (b).  Find the collocation formula using other than Newton’s formula.

Answer : The given x are 0, 1 and 4, that are not equally spaced.  In order for any collocation formula to be applicable including Newton’s formula, the arguments x should be equally spaced.  (b) Conventional algebra y=ax2+bx+c is enough : When x=0, y=0, c=0; When x=1, y=1 (ignore -1), 1=a+b---(1); When x=4, y=2 (ignore y=-2), 2=16a+4b=16a+4(1-a)=16a+4-4a=12a+4 where b=1-a from equation (1).  Then a=-2/12=-1/6; b=1+1/6=7/6.  Substitute into y=ax2+bx+c to obtain y=(-x2+7x)/6.

22.43 : In term of Tn and using the interval of (-1,1), find the min-max polynomial of degree five or less for y(x)=1-(1/2)x2+(1/24)x4-(1/720)x6, by truncating the term with n(5.  What is the error?  Hint : Apply Chebyshev polynomial for -1(x(1 with Tn(x)=cos (n arccos x), leading to recursion relation Tn+1(x)=2xTn(x)-Tn-1(x) that could further express to 1= T0, x=T1, x2=(1/2)(T0+T2), x3=(1/4)(3T1+T3), x4=(1/8)(3T0+4T2+T4), x5=(1/16)(10T1+5T3+T5) and x6=(1/32)(10T0+15T2+6T4+T6).

Answer : Change formula from y(x) to y(Tn): 

y(x)=1-(1/2)x2+(1/24)x4-(1/720)x6=1-(1/2)[(1/2)(T0+T2)+(1/24)[(1/8)(3T0+4T2+T4),-(1/720)[(1/32)(10T0+15T2+6T4+T6)]=1-(1/4)T0-(1/4)T2+(1/64)T0+(1/48)T2+(1/192) T4-(1/2304)T0-(1/1536)T2-(1/3840)T4-(1/23040)T6≈ (1763/2304)T0-(353/1536)T2+(19/3840)T4 with error=(1/23040)T6.

                                                                                     -n
7.35 : Newton’s backward formula is given by p(xk)=∑(ki)(iy0=y0+k(y0+k(k-1)(2y0 
                                                                                     i=0                 

/2!+…+k…(k+n-1)(ny0 /n!.  Show that the argument xk=x0+kh convert the Newton’s formula above into : p(xk)=y0+(y0(xk-x0)/h+(2y0(xk-x0)(xk-x-1)/(2!h2)+…+ (ny0(x-x0)(x-x-n+1)/(n!hn).

Answer : Let k=(xk-x0)/h, then p(xk)= y0+(y0(xk-x0)/h+(2y0[(xk-x0)/h][(xk-(x0-h)/(2!h)]+…+(ny0(x-x0)(x-x-n+1)/(n!hn)=y0+(y0(xk-x0)/h+(2y0(xk-x0)(xk-x-1)/(2!h2)+…+ (ny0(x-x0)(x-x-n+1)/(n!hn) (shown) where x-1=x0-h.

1.50 : Triangular inequality is given by : [(v1-w1)2+…+[(vn-wn)2]½((v12+…+vn2) ½+(w12+…+wn2) ½.  Prove that this formula will be able to lead to general formula of Cauchy-Schwarz inequality : (∑aibi)2((∑ai2)( ∑bi2), by substituting a and b into v and w.

Answer : Left side of triangular inequality is [(v1-w1)2+…+[(vn-wn)2]½ and its square is v12+2v1w1+w12+…+vn2+2vnwn+wn2 [Formula (1)].  The right side of triangular inequality is ]½((v12+…+vn2) ½+(w12+…+wn2) ½ and its square is v12+…+vn2+w12+…+wn2+2(v12+…+vn2) ½(w12+…+wn2) ½ [Formula (2)].  Let  Formula (1) ( Formula (2) : ∑viwi((∑vi2)½( ∑wi2)½.  Square again proves Cauchy-Schwarz inequality : (∑viwi)2((∑vi2)( ∑wi2).

3.14 : Let (5y0=y5-5y4+10y3-10y2+5y1-y0.  Verify this equation by using the formula 

           k
(ky0=∑(-1)i(ki)yk-i.

              i=0                               
Answer : Let k=5, (5y0=∑(-1)i(5i)y5-i=(50)y5-(51)y4+(52)y3-(53)y2+(54)y1-(55)y0=[5!/(5!0!)]y5-[5!/(4!1!)]y4+[5!/(3!2!)](y3-y2)+[5!/(4!1!)]y1-(5!/5!)y0=y5-5y4+10y3-10y2+5y1-y0. (VERIFIED)

1.55 : For matrix multiplication AV=(xy) where A is 2x2 matrix and V is 1x2 matrix, ||AV||2=x2+y2.  Show that for A=[aaab], a vector V could be found in the form (cos t, sin t)T that maximizes ||AV||2, where cos 2t=0 in the case a2=b2 while tan 2t=2a/(a-b) when a2(b2.

Answer : Let x2+y2=[a2+a2(2cos t sin t)]+[a2cos t+2absin t cos t+b2sin t].  When a2=b2, x2+y2=2a2(2sin t cos t)+a2=2a2(sin 2t)+2a2---(1).  When a2(b2, x2+y2=a2sin 2t+ab sin 2t+a2[(1+cos 2t)/2] +b2[(1-cos 2t)/2]---(2).  Differentiation d/dt(x2+y2)=0 will obtain maximum, with minimum 0 for square products.  For equation (1), d/dt(x2+y2)=4a2cos 2t=0, then cos 2t=0 when b2=a2.  For equation (2), d/dt(x2+y2)=0=2a2cos 2t+2ab cos 2t-a2sin 2t+b2sin 2t=0.  2a(a+b)cos 2t=(a2-b2)sin 2t=(a+b)(a-b)sin 2t, leading to sin 2t/cos 2t=tan 2t=2a/(a-b) when b2(a2 (shown).

24.42 : In trigonometric approximation of function, the collocation sum is 

                  L-1
y(x)=½a0+∑(akcos (kx/L+bksin (kx/L)+ ½aLcos (x for an even number of x 

                 k=1                                                                                               2L-1
arguments (N+1=2L) as for this question, with coefficients to be aj=(1/L)∑y(x)cos 

                                           2L-1                                                                                                       x=0
(jx/L, j=0, 1,…L;  bj=(1/L)∑y(x)sin (jx/L, j=1, 2,…L-1.  Find the trigonometric 

                                           x=0
approximation for the following data by taking L=3 in 6 data.

	x
	0
	1
	2
	3
	4
	5

	y(x’)
	0
	1
	2
	2
	1
	0


                                                5                                                        5
Answer : When L=3, aj=(1/3)∑y(x)cos (jx/3, bj=(1/3)∑y(x)sin (jx/3.  So 

                                   5               x=0                                                   x=0           5
a0=(1/3)6=2, a1=(1/3)∑y(x’)cos (x/3=(1/3)(-3)=-1, a2=(1/3)∑y(x’)cos 

                                 x=0       5                                                                        x=0   5 
2(x/3=(1/3)(0)=0, a3=(1/3)∑y(x’)cos (x=(1/3)(0)=0; b1=(1/3)∑y(x’)sin 

                                        5   x=0                                                                             x=0             2
(x/3=(1/3)(3½), b2=(1/3)∑y(x’)sin 2(x/3=(1/3)(0)=0.  For y(x)=½a0+∑(akcos 

                                       x=0                                                                                                     k=1
(kx/3+bksin (kx/3)+ ½a3cos (x, completed by direct calculator function will produce the general function y(x)=½a0+a1cos (x/3+b1sin (x/3=1-cos (x/3+(3½/3)sin (x/3.

2.14 : The differences between collocation polynomial, p(x) and actual function y(x), is given by y(x)-p(x)=y(n+1)(()((x)/(n+1)! where ((x)=(x-x0)(x-x1)…(x-xn).  Let the function y(x)=sin (x/2 takes the values y(0)=0, y(1)=1, y(2)=0.  Show that y(x)-p(x)=-(3cos(((/2)(x)(x-1)(x-2)/48 with ( depends on x.

Answer : n=2 for 3 data at x=0, 1, 2.  Let y(x)=sin (x/2, y’(x)=½(cos (x/2, y(2)(x)=-¼ (2sin (x/2, y(3)(x)=-⅛(3cos (x/2.  So y(x)-p(x)=y(n+1)(()((x)/(n+1)!=-⅛(3(cos (x/2)(x)(x-1)(x-2)/3!=-(3cos(((/2)(x)(x-1)(x-2)/48 (shown) where ((x)=x(x-1)(x-2).

2.12 : Synthetic division to p(x)=2x4-24x3+100x2-168x+93 will produce p(1)=3 where r=1.  Arithmetic operation  of the bottom rows are : 2xr=2x1=2, -24+2=-22, 100-22=78 etc, with r times answer in column n-1 at row 3 added to number in column n, row 1 to obtain value in column n, row 3.  Compute p(2), p(3), p(4) and p(5).

	2
	-24
	100
	-168
	93

	r=1
	2
	-22
	78
	-90

	2
	-22
	78
	-90
	3


Answer : Using the same method, p(2)=-3, p(3)=3, p(4)=-3 and p(5)=3.

	2
	-24
	100
	-168
	93
	
	2
	-24
	100
	-168
	93

	r=2
	4
	-40
	120
	-96
	
	r=3
	6
	-54
	138
	-90

	2
	-20
	60
	-48
	-3
	
	2
	-18
	46
	-30
	3


	2
	-24
	100
	-168
	93
	
	2
	-24
	100
	-168
	93

	r=4
	8
	-64
	144
	-96
	
	r=5
	10
	-70
	150
	-90

	2
	-16
	36
	-24
	-3
	
	2
	-14
	30
	-18
	3


4.36 : It is assumed that the yk values of the following table belong to polynomial of degree 4.  (a) By simple arithmetic and observation, show how the numbers 21 and 46 could be obtained.  (b) Predict the values of y5, y6 and y7.

	k
	0
	
	1
	
	2
	
	3
	
	4
	
	5
	
	6
	
	7


	yk
	0
	
	0
	
	1
	
	0
	
	0
	
	y5
	
	y6
	
	y7


	
	
	0
	
	1
	
	-1
	
	0
	
	10
	
	35
	
	81
	


	
	
	
	1
	
	-2
	
	1
	
	10
	
	25
	
	46
	
	


	
	
	
	
	-3
	
	3
	
	9
	
	15
	
	21
	
	
	


	
	
	
	
	
	6
	
	6
	
	6
	
	6
	
	
	
	


Answer : (a) Let 21=46-25 and 46=81-35 obtained from the differences of top adjacent values, with right minus left.  (b) Using the same method : y5=10-0=10, y6=35+y5=35+10=45, y7-y6=81 then y7=81+y6=81+45=126.

6.18 : By applying Newton’s forward formula : p(xk)=y0+(y0(xk-x0)/h+(2y0(xk-x0)(xk-x1)/2!h2+…+(ny0(xk-x0)…(xk-xn-1)/n!hn, (a) find a polynomial of degree four that collocates with y(x)=|x| at x=-2, -1, 0, 1, 2 with reference to the table below :

	x
	y
	(y
	(2y
	(3y
	(4y


	-2
	2
	
	
	
	


	
	
	-1
	
	
	


	-1
	1
	
	0
	
	


	
	
	-1
	
	2
	


	0
	0
	
	2
	
	-4


	
	
	1
	
	-2
	


	1
	1
	
	0
	
	


	
	
	1
	
	
	


	2
	2
	
	
	
	


(b) At what range the Newton’s collocated polynomial greater than y(x), and where less?

Answer: (a) Newton’s forward formula uses constants -2, -1, 0, 2, -4 on tops of the data, giving pk=2-(x+2)+0+2x(x+1)(x+2)/3!-4x(x-1)(x+1)(x+2)/4!=2+(-2-x)+(2x/3+ x2+x3/3)+(x/3+x2/6-x3/3-x4/6)=7x2/6-x4/6=x2(7-x2)/6.  (b) When x=(0.25, p(x)=0.07, y(x)=0.25.  Shown p(x)<y(x) at 0<x<1 or -1<x<0 when p(0)=y(0) and p(1)=y(1).  When x=(1.25, p(x)=1.41, y(x)=1.25; x=(1.5, p(x)=1.78, y(x)=1.5; x=(1.75, p(x)=2, y(x)=1.75.  Shown y(x)>p(x) when p(2)=y(2), at 1<x<2 or -2<x<-1.

10.17 : Based on the table below, find a polynomial of degree three that meet the following conditions using the step (a) and (b) :

	xk
	yk
	y”k

	0
	1
	-2

	1
	1
	4


(a) Based on equation (1) : p(x1)=y0+x1y0’+x12y0”/2+Ax13y, find the first and second derivation functions,p’(x1) and p”(x1) as equation (2) and (3).  (b) By substituting values in the table to equation (1) and (3), find the polynomial in the question.

Answer : (a) Let equation (2) : p’(x1)=y0’+x1y0”+3x12A, leading to equation (3) : p”( x1)=y0”+6x1A via multiple derivations.  (b) By using the values in table, let equation (3) be 4=-2+6A, A=1.  Substitute in equation (1) with values in table : 1=1+y0’+½(-2)+1, then y0’=0.  Finally equation (1) becomes the desired polynomial of degree three : p(x)=1-x2+x3.

15.61 : Laguerre polynomial is given by Ln(x)=exdn(e-xxn)/dxn.  Compute L5(x) for its definition for n=5.

Answer : Let L5(x)=exd5(e-xx5)/dx5; d(e-xx5)/dx=e-x(5x4)-e-xx5=e-x(5x4-x5); d2(e-xx5)/dx2=e-x(20x3-5x4)-e-x(5x4-x5)=e-x(20x3-10x4+x5), d3(e-xx5)/dx3=e-x(60x2-40x4+5x4)-e-x(20x3-10x4+x5)=e-x(60x2-60x3+15x4-x5); d4(e-xx5)/dx4=e-x(120x-180x2+60x3-5x4)-e-x(60x2-60x3+15x4-x5)=e-x(120x-240x2+120x3-20x4+x5); d5(e-xx5)/dx5=e-x(120-480x+360x2-80x3+5x4)-e-x(120x-240x2+120x3-20x4+x5)=e-x(120-600x+600x2-200x3+25x4-x5).  So L5(x)=exd5(e-xx5)/dx5= ex(120-600x+600x2-200x3+25x4-x5).

    






         k
17.78 : Formula for Euler’s constant C is : C=½log 2+¼+∑(-1)i+1bi[(2i+1)/2i-








        i=1
1]/[2i(2i-1)]+error term.  Error term is ignored in this question.  (a) Show that as k increases, the sum on the right becomes a divergent series. At what point do the terms of the series begin to grow large?  Let b1=1/6, b2=1/30, b3=1/42, b4=1/30, b5=5/66, b6=691/2730, b7=7/6, b8=3617/510.  (b) Estimate Euler’s constant C.



           k



      k
Answer : (a) Let +¼+∑(-1)i+1bi[(2i+1)/2i-1]/[2i(2i-1)]= ∑f(i) increases as C increases, 



           i=1



        i=1
and f(1)=b1(3/22-1)/[(2)(1)]=-0.02083, f(2)=-b2(5/24-1)/[(4)(3)]=0.0019, f(3)=b3(7/26-1)/[(6)(5)]=-0.00071, f(4)=-b4(9/28-1)/[(8)(7)]=0.000547, f(5)=b5(11/210-1)/[(10)(9)]=-0.000832, f(6)=-b6(13/212-1)/[(12)(11)]=0.0191, f(7)=b7(15/214-1)/[(14)(13)]=-0.0064, f(8)=-b8(17/216-1)/[(16)(15)]=0.0295.  It is observed that 









          k=4
|f(i+2)|>|f(i)| when i>4 and divergence begin after term 4.  (b) Let ∑f(i)=-0.019056, 









         i=1
then C≈½log 2+¼-0.019056=0.5775










     ∞
16.23 : By using any approximation method, verify that to four places ∫e-x-

      








      0

1/xdx≈0.2667.  Simpson’s rule is recommended : I=(h/3)(y0+4y1+2y2+4y3+…+2yn-2+4 yn-1+yn) with h=0.5.

Answer : Let f(0.5)=0.082085, f(1)=0.135335, f(1.5)=0.114559, f(2)=0.082085, f(2.5)=0.055023, f(3)=0.035674, f(3.5)=0.022693, f(4)=0.014264, f(4.5)=0.008895, f(5)=0.005517, f(5.5)=0.003407, f(6)=0.002098, f(6.5)=0.001289, f(7)=0.00079, f(7.5)=0.000484, f(8)=0.000296, f(8.5)=0.000181, f(9)=0.00011, f(9.5)=0.000067, f(10)=0.000041 with f(x)=e-x-1/x.  By using Simpson’s rule I=(0.5/3)(1.599998)≈0.2667, by ignoring f(0).









         h
14.63 : Method of undetermined coefficient produces the formula ∫y(x) 









         0
dx=h(a0y0+a1y1)+h2(b0y0’+b1y1’)+h3[c0y0(2)+c1y1(2)]….  By assuming b0=b1=0, derive 

                   h
the formula ∫y(x)dx≈(h/2)(y0+y1)-(h3/24)[y0(2)+y1(2)] proving it exact for polynomials 

                   0
of degree up to three.  Hint : 4 equations with 4 unknowns a0, a1,c0, c1 will be formed.  

 










1
First set of equation formed by this method : Let y(x)=1, y’(x)=0, y”(x)=0, then [x] = 










            0
a0+a1=1---(1).  Second set of equation formed by this method : Let y(x)=x, y’(x)=1, 




          1
y(2)(x)=0, yx=y(x), then [x2/2] = a1+b0+b1=½---(2).




          0
Answer : In equation (2), b0=b1=0, then a1=½.  In equation (1), a0=1-a1=1-½=½.  










               1
Third set of equation formed by : Let y(x)=x2, y’(x)=2x, y(2)(x)=2, then [x3/3] = 










   0
a1+2b1+2c0+2c1=⅓---(3).  Forth set of equation formed by : Let y(x)=x3, y’(x)=3x2, 


               1
y(2)(x)=6x, [x4/4] =a1+3b1+6c1=¼---(4).  Known that c0=c1, then in equation (3), 



   0
4c0=⅓-½=-1/6, then c0=c1=-1/24.  In equation (4) further proves c1=(1/6)(-1/4)=-1/24.  

                  1
(Formula ∫y(x)dx≈(h/2)(y0+y1)-(h3/24)[y0(2)+y1(2)] derived.

                0  

19.59 : By using the “midpoint formula” yk+1=yk-1+2h(xk,yk) to y’=-xy2, y(0)=2 with h=0.1, verify the result y(1)≈0.9962.  Calculate the error, with y0=y1.

Answer : Let y1=y0+hy’=2+0.1(0)=2 (Euler approximation).  Then y0=y1.; y2=2+2(0.1)(-0.1)(2)2=1.92;  y3=2+2(0.1)(-0.2)(1.92)2=1.8525; y4=1.92+2(0.1)(-0.3)(1.8525)2=1.8089; y5=1.8525+2(0.1)(-0.4)(1.8089)2=1.5907; y6=1.8089+2(0.1)(-0.5)(1.5907)2=1.5559; y7=1.5907+2(0.1)(-0.6)(1.5559)2=1.3; y8=1.5559+2(0.1)(-0.7)(1.3)2=1.3739; y9=1.3+2(0.1)(-0.8)(1.3739)2=1.0801, y10=1.3739+2(0.1)(-0.9)(1.0801)2=1.179 with y10=y(1).  Error=Given y(1)-Approximated y(1)=1.179-0.9962=0.1828

19.59 : By using the “midpoint formula” yk+1=yk-1+2h(xk,yk) to y’=-xy2, y(0)=2 with h=0.1, verify the result y(1)≈0.9962.  Calculate the error, with y0=y1.

Answer : Let y1=y0+hy’=2+0.1(0)=2 (Euler approximation).  Then y0=y1.; y2=2+2(0.1)(-0.1)(2)2=1.92;  y3=2+2(0.1)(-0.2)(1.92)2=1.8525; y4=1.92+2(0.1)(-0.3)(1.8525)2=1.8089; y5=1.8525+2(0.1)(-0.4)(1.8089)2=1.5907; y6=1.8089+2(0.1)(-0.5)(1.5907)2=1.5559; y7=1.5907+2(0.1)(-0.6)(1.5559)2=1.3; y8=1.5559+2(0.1)(-0.7)(1.3)2=1.3739; y9=1.3+2(0.1)(-0.8)(1.3739)2=1.0801, y10=1.3739+2(0.1)(-0.9)(1.0801)2=1.179 with y10=y(1).  Error=Given y(1)-Approximated y(1)=1.179-0.9962=0.1828

18.49 : With reference to yk+2+3yk+1+2yk=0 with initial conditions y0=2, y1=1, calculate y2,…,y10 directly.

Answer : Let yk+2=-3yk+1-2yk and y0=2, y1=1, then y2=-3y1-2y0=-3-2(2)=-7, y3=-3y2-2y1=-3(-7)-2=19, y4=-3y3-2y2=-3(19)-2(-7)=-54+14=-43, y5=-3y4-2y3=-3(-43)-2(19)=91, y6=-3y5-2y4=-3(91)-2(-43)=-187, y7=-3y6-2y5=-3(-187)-2(91)=379, y8=-3y7-2y6=-3(379)-2(-187)=-763, y9=-3y8-2y7=-3(-763)-2(379)=2289-758=1531, y10=-3y9-2y8=-3(1531)-2(-763)=-3067

26.127 : By trial and error, find the two extreme eigenvalues of the matrix below by using the definition of det A=0=(a11-()[(a22-()(a33-()-a32a23]-a12(a33-()-(a31a13)]+ a13(a33-()[(a21a32)-a31(a22-()], where ( are eigenvalues.

	a11=9
	a12=10
	a13=8

	a21=10
	a22=5
	a23=-1

	a31=8
	a32-1
	a33=3


Answer : Let det A=0==(9-()[(5-()(3-()+1]-10(3-()+8]+8[-10-8(5-()],=(9-()((2-8(+16)-10(38-10()+8(-50+8()=(9(2-72(+144)+(-(3+8(2-16(-380)+(100(-400)+64(=-(3+17(2+76(-636=0=f(().  By trial and error f((=4.74)≈-0.307≈0.  Remainder theorem produces quadratic equation ((3-17(2-76(+636)(((-4.74)=(2-12.26(-134.11 that latter could be solved by : (={12.26([12.262+4(134.11)½]}/2=19.23 or -6.975 plus another root 4.74.  Extremen eigenvalues are largest (1=19.23 and smallest (2=-6.975.

25.63 : In the quotient-difference algorithm for non-linear algebra, the given polynomial a0xn+a1xn-1+…+ an will produce the associated difference equation a0xk+ a1xk-1+…+anxk-n=0 consider the solution sequence for which x-n+1=…=x-1=0 and x0=1.  Let qk1=xk+1/xk and qk0=0 with definition qkj+1=(dk+1j/dkj)qk+1j and dkj=qk+1j-qkj+dk+1j-1 where j=1, 2,…,n-1 and k=0, 1, 2….  Rhombus rule applied for various quotients (q) and differences (d) as displayed below :

	
	q01
	
	

	0
	
	d01
	

	
	q11
	
	q02

	0
	
	d11
	


	k
	xk
	dk0
	qk1
	dk1
	qk2
	dk2
	qk3
	dk3

	0
	1
	0
	
	
	
	
	
	

	
	
	
	2.4
	
	
	
	
	

	1
	2.4
	0
	
	-0.43
	
	
	
	

	
	
	
	1.97
	
	1
	
	
	

	2
	4.73
	0
	
	-0.22
	
	-0.66
	
	

	
	
	
	1.75
	
	q12
	
	-0.28
	

	3
	8.28
	0
	
	-0.07
	
	0.33
	
	d03

	
	
	
	1.68
	
	0.96
	
	-0.52
	

	4
	13.88
	0
	
	-0.04
	
	-0.18
	
	

	
	
	
	1.64
	
	0.82
	
	
	

	5
	x5
	0
	
	-0.02
	
	
	
	

	
	
	
	1.62
	
	
	
	
	

	6
	36.76
	0
	
	
	
	
	
	


(a) By using the statement above, calculate the values of d03, q12 and x5 for the polynomial x4-2.4x3+1.03x2+0.6x-0.32=0.  (b) The quotient difference scheme produces one form of quadratic equation pj=x2-Ajx+Bj where for k tending to infinity, Aj=lim(qk+1j+qkj+1) and Bj=lim(qkjqkj+1).  Find all roots for the polynomial x4-2.4x3+1.03x2+0.6x-0.32=0 by using the remainder theorem to divide the polynomial with pj.

Answer : (a) d03=q13-q03+d12=-0.52-(-0.28)+0.33=0.09; q12=(d31/d21)q21=(-0.07/-0.22)(1.75)=0.56; Let xk=2.4xk-1-1.03xk-2-0.6xk-3+0.32 xk-4=2.4(13.88)-1.03(8.28)-0.6(4.73)+0.32(2.4)=22.71.  (b) For A= qk1+qk2, data are 1.75+0.36=2.31, 1.68+0.96=2.64 and 1.64+0.82=2.46; B=qk+12qk1=(1.68)(0.82)=1.38, (1.75)(0.96)=1.68 and (1.97)(0.56)=1.10.  Take the median values A=2.46 and B=1.38 to obtain  pj=x2-2.46x+1.38=0.  Solving the equation will produce x1=1.59, x2 =0.8655.  Let (x4-2.4x3+1.03x2+0.6x-0.32)(pj=x2+0.06x-0.2024 with remainder theorem.  Solving x2+0.06x-0.2024 will get. x3=-0.48, x4=0.42.

21.66 and 21.68 : Table below shows seven points required to form least-square parabola : 

	x=t
	-3
	-2
	-1
	0
	1
	2
	3

	y
	yk-3
	yk-2
	yk-1
	y0
	y1
	y2
	y3


(a) Find the values of x0, x1, x2, x3 and x4 where s0=∑x0, s1=∑x1, s2=∑x2, s3=∑x3 and s4=∑x4.  (b) Three least square equations below could be found.  Equation 1 : s0a0+ s1a1+s2a2=∑yi; Equation 2 : s1a0+ s2a1+s3a2=∑tiyi . Equation 3 : s2a0+ s3a1+s4a2=∑ti2yi.  Obtain the equation for 21a0 by subtracting equation (3) from 7xequation (1), in term of yis.  (c) Show that the smoothing formula is y(xk)≈yk-(1/21)(9δ4yk+2δ6yk), where δ4yk= yk-2-4yk-1+6yk-4 yk+1+yk+2 and δ6yk=yk-3+6yk-2-15yk-1+20yk-15yk+1+6yk+2+yk+3, with constants in equation δnyk similar to Binomial Theorem’s constant.  (d) By using equation (2) show that y(xk)≈a1≈f(x)/h=[1/(28h)](-3yk-3-2yk-2-yk-1+yk+1+2yk+2+y3yk+3).  (e) Let the parabola be p(t)=a0+a1t+a2t2.  Explain the reason that p(t)≈a0 and p’(t)≈a1, by assuming t≈0.  Hint : t=(xk-xn-1)/h.

Answer : Direct calculations produce s0=7x0=7, s1=s3=0 (symmetry) and s4=2(34+24+14)=196, s2=2(32+22+12)=28.  (b) Let Equation (3): 28a0+196a2=∑ti2yi and Equation (1): 7a0+28a2=∑yi.  7(1)-(3): 21a0=7∑yi-∑ti2yi=(7yk-3+7yk-2+7yk-1+7yk+7yk+1+7yk+2+7yk+3)-9(yk-3+4yk-2+yk-1+yk+1+4yk+2+9yk+3)=-2yk-3+3yk-2+6yk-1+7yk+6yk+1+3yk+2-2yk+3.  (c) Let 21a0=21yk+9(yk-2-4yk-1+6yk-4 yk+1+yk+2)-2(yk-3+6yk-2-15yk-1+20yk-15yk+1+6yk+2+yk+3)=21yk-(9δ4yk+2δ6yk), then a0=yk-(1/21)(9δ4yk+2δ6yk) ≈y(xk).  Let Equation (2) : 28a1=∑tiyi , a1=(∑tiyi)/28=f(x)/h=(∑xiyi)/(28h)=[1/(28h)] (-3yk-3-2yk-2-yk-1+yk+1+2yk+2+y3yk+3)≈y’(xk).  (e) When t=0, p(t)≈0; p’(t)=a1+2a2t.  When t→0, p’(t)≈a1.  This is an approximation for very small t.

27.24 : Within the constraints of inequalities below minimize F=2x1+x2: 3x1+x2≥3, 4x1+3x2≥6 and x1+2x2≥2 using the fastest solution and explain it.

Answer : Use simultaneous equation 3x1+x2=3---(1), 4x1+3x2=6---(2).  (1)x3: 9x1+3x2=9---(4).  (4)-(2): 5x1=3, then  x1=3/5, x2=3-3x1=3-3(3/5)=6/5---(2), F1=2x1+x2=2(3/5)+6/5=12/5, x1+2x2=3≥2 proves inequality (3); Let 3x1+x2=3---(1), 

x1+2x2=2---(3).  (3)x3=3x1+6x2=6---(5), (5)-(1): 5x2=3 then x2=3/5, x1=2-2x2=2-2(3/5)=4/5---(3), F2=2(4/5)+3/5=11/5, 4x1+3x2=4(4/5)+3(3/5)=5≤6 disproves inequality (2); Let 4x1+3x2=6---(2), x1+2x2=2---(3), (3)x4: 4x1+8x2=8---(6), (6)-(2): 5x2=2, x2=2/5, x1=2-2x2=2-2(2/5)=6/5, 3x1+x2=3(6/5)+2/5=20/5=4≥3 proves inequality (1), F3=2x1+x2=2(6/5)+(2/5)=14/5(F1, so F1=12/5 is the minimum with x1=3/5 and x2=6/5.  Description of analytical method : Obtain x values from 2 simulteneous equations, then obtain the minimum F=2x1+x2 by comparison, subjected to the condition that the the other inequality is fulfilled where x1 and x2 are intersection coordinates of 2 lines.

28.17  Prove that the Chebyshev equation is not suitable to solve the following overdetermined system of simultaneous equations :

x1=0, x2=0, x1+x2=-1, 0.1x1+0.1x2=0.1.

The first step is given below, similar to the solving of simultaneous equation using matrix method where the final r value should not be equal to r=-1 in this case if correct method is applied..

	Basis
	b
	v1
	v2
	v3

	v4
	1
	1
	0
	0

	v5
	1
	0
	1
	0

	v6
	1
	1
	1
	1

	v7
	1
	0.1
	0.1
	-0.1

	v8
	1
	-1
	0
	0

	v9
	1
	0
	-1
	0

	v10
	1
	-1
	-1
	-1

	v11
	1
	-0.1
	-0.1
	0.1

	
	r=0
	0
	0
	1


Answer :

Step Two : 

	Basis
	b
	v6
	v2
	v3

	v4
	0
	0
	-1
	-1

	v5
	1
	0
	1
	0

	v1
	1
	1
	1
	1

	v7
	0.9
	0
	0
	-0.2

	v8
	2
	0
	1
	1

	v9
	1
	0
	-1
	0

	v10
	2
	0
	0
	0

	v11
	1.1
	0
	0
	0.2

	
	0
	0
	0
	1


Step Three : 

	Basis
	b
	v6
	v5
	v3

	v4
	1
	0
	0
	-1

	v2
	1
	0
	1
	0

	v1
	0
	1
	0
	0

	v7
	0.9
	0
	0
	-0.2

	v8
	1
	0
	0
	1

	v9
	2
	0
	0
	0

	v10
	2
	0
	0
	0

	v11
	1.1
	0
	0
	0.2

	
	0
	0
	0
	1


Step Four :

	Basis
	b
	v6
	v5
	v8

	v4
	2
	0
	0
	0

	v2
	1
	0
	1
	0

	v1
	0
	1
	0
	0

	v7
	1.1
	0
	0
	0

	v3
	0
	0
	0
	1

	v9
	2
	0
	0
	0

	v10
	2
	0
	0
	0

	v11
	0.9
	0
	0
	0

	
	-1
	0
	0
	0


The darken figures are pivot that is selected from the positive value of the minimum b/vi.

29.46 : Ritz method in solving a boundary value problem y”=-x2, y(0)=y(1)=0 will 









                1
produce the approximate solution ø(x)=x(1-x)(c0+c1x) where J[ø(x)]= ∫{½[ø(x)]2-x2 

                        0
ø(x)dx=minimum.  (a) Find the equation for J[ø(x)] in term of ci.  (b) Find the value of c0 and c1, by taking the values (J/(c0=f’(c0) and (J/(c1=f’(c1).  (c) Compare ø(x) with the actual solution y(x)=x(1-x3)/12.

Answer : (a) Let ø(x)=x(1-x)(c0+c1x)=(x-x2)(c0+c1x)=c0x+c1x2-c0x2-c1x3=c0x+(c1-c0)x2-c1x3, ø’(x)=c0+2(c1-c0)x-3c1x2, further lead to øx2=c0x3+(c1-c0)x4-c1x5 and [ø’(x)]2=c0[c0x2+2(c1-c0)x-3c1x2]+2(c1-c0)x[c0+2(c1-c0)x-3c1x2]-3c1x2[c0+2(c1-c0)x-3c1x2]=c02+x[4(c1c0-c02)+x2[2(2c12-7c0c1+2c02)]+x3[-12(c12-c0c1)]+x4(9c12).  This will 

                                        1                                1                                                                  1
suit the equation J[ø(x)]=∫[0.5(ø’)2-x2ø’]dx=½∫(A+Bx+Cx2+Dx3+Ex4) dx-∫[c0x3+(c1- 
                                        0                               0     1                                                         0    1
c0)x4-c1x5] dx=½[Ax+Bx2/2+Cx3/3+Dx4/4+Ex5/5]-[c0x4/4+(c1-c0)x5/5-c1x6/6]=½(A+







       0
B/2+C/3+D/4+E/5)-[c0/4+(c1-c0)/5-c1/6] where A=c02, B=4(c0c1-c02), C=2(2c12-7 c0c1+2c02), D=-12(c12- c0c1) and E=9c12.  (b) Let (J/(c0=f’(c0)=0=½[2c0+(4c1-8c0)/2+(2/3)(-7c1+4c0)-(12/4)(2c1-c0)=(18/5)c1-(1/5-1/6)=0, leading to Equation (2) : (1/6)c0+(2/15)c1=1/30.  Solving both Equation (1) and (2) will produce c0=1/15 and c1=1/6.  (c) Simple comparison for 0≤x≤1 with h=0.2 is sufficient.  When x=0, ø(x)=0, y(x)=0; x=0.2, ø(0.2)=0.016, y(0.2)=0.017; x=0.4, ø(0.4)=0.032, y(0.4)=0.031; x=0.6, ø(0.6)=0.040, y(0.6)=0.039; x=0.8, ø(0.8)=0.032, y(0.8)=0.033; x=1, ø(1)=0, y(1)=0.  This proves that the approximated ø(x) is very close to actual y(x) at 0≤x≤1.

30.15 : A baseball batter with average 0.3 comes to bat four times in a game.  (a) What are his chances of getting 0, 1, 2, 3 and 4 hits, respectively, using elementary probability?  (b) By using Excel math functions IF(A1>0.3, 1, 0), SUM(B1:B4), RAND() and COUNTIF(C4:C1000, 1) etc, state method of performing simulation by arranging the math function above.

Answer : (a) P(0 hit)=4C0(0.3)0(0.7)4=0.2401,  P(1 hit)=4C1(0.3)1(0.7)3=0.4116, P(2 hits)=4C2(0.3)2(0.7)2=0.2, P(3 hits)=4C3(0.3)3(0.7)1=0.0756 and P(4 hits)=4C4(0.3)4(0.7)0=0.0081.  (b) Excel simulation performed by scrolling down the functions RAND(), IF(A1>0.3, 1, 0) and SUM(B1:B4) to the given 1000 units from row 1 to row 100, separated in 3 columns.  Finally functions COUNTIF(C4:C1000, 1), COUNTIF(C4:C1000, 2), COUNTIF(C4:C1000, 3), COUNTIF(C4:C1000, 4) and COUNTIF(C4:C1000, 0) performed, where probability of each number of hit is obtained by the sum of columns of each COUNTIF÷(1000-4+1).
30.20 : To obtain a normal distribution f(y)=exp[-y2/(2()0.5], alternative approach is to generate 12 random numbers x, from a uniform distribution over (0,1), to sum these and, since a mean value of zero is often preferred for the normal distribution, to subtract 6.  By using the functions of Excel program like RAND(), SUM(A1:A12)-6, 









     12

IF(B12>0, 1, 0) etc, generate approximately 1000 numbers y=((xi-6).  Then find the 









     6
fraction of ys in the intervals (0,1), (1,2), (2,3) and (3,4).

Answer : Excel program spreadsheet simulation is required.  Arrange column A for RAND(), column B for SUM (A1:A12)-6, column C to column G from row 12 with functions IF(B12>0, 1, 0), IF(B12>1, 1, 0), IF(B12>2, 1, 0), IF(B12>3, 1, 0) and IF(B12>4, 1, 0).  Scroll down the math functions above to  column 1000.  The sums of column C to G are calculated using SUM(C12:C1000), SUM(D12:D1000), SUM(E12:E1000), SUM(F12:F1000) and SUM(G12:G1000).  There are 989 numbers in column C to G.  theoretically, the fraction for each interval is calculated as : P[(0,1)]=[SUM(D12:D1000)-SUM(C12:C1000)]/989(0.3413; P[(1,2)]=[SUM(E12:E1000)-SUM(D12:D1000)]/989(0.1359; P[(2,3)]=[SUM(F12:F1000)-SUM(E12:E1000)]/989(0.0215 and P[(3,4)]=[SUM(G12:G1000)-SUM(F12:F1000)]/989(0.0013.
                                                                                            (
24.52 : The coefficients of the Fourier series y(t)=0.5(0+(((kcos kt+(ksin kt) are 

             2(   

                   2(

                   k=1   (
(j=(1/()( y(t) cos jt dt and (j=(1/()( y(t) sin jt dt, or (j=(2/()( y(t) cos jt dt and 
             0 (                                        0                                                             0
(j=(2/() ( y(t) sin jt dt for functions that have similar area under the curves for both 
                     0
sides of y axis.  By using the formula stated, the Fourier series for y(t)=t((-t), 0≤t≤( and y(t)=t((+t), -(≤t≤0 is y(t)=(8/()(sin t +sin 3t/33+sin 5t/53+…).  By using this series evaluate 1-1/33+1/53-1/73….
Answer : Let Sn=1-1/33+1/53-1/73… fit into y(t)=(8/()(Sn), leading to t=(/2 where y(t)=t((-t), 0≤t≤(.  y((/2)=((/2)((- (/2)=( 2/4=(8/()(Sn), with final answer Sn=( 3/32.
30.11 : By using Excel or other easiest programming package, explain how the 

                         (
integral I=( sin x dx could be approximated using random number.  Find the exact 

                         0
value of I.
Answer : When Excel is used, let column A=RAND() and column B=ASIN(A1).  Stretch the columns A and B vertically.  The data is transferred to Word, then reinserted into column C and D in order to prevent changes in column A. By using the sort function from the lowest to highest, arrange the data in column c and D, followed by trapezoidal rule performance in column E=0.5*(C1+C2)*(D2-D1).  The 2 times summation of values in column E will approximate I≈2 gradually as the random 






         (/2                                        (/2       
numbers used increase.  Exact value of I=2 ( sin x dx=-2[cos x]=-2(-1)=2 units 

                                                                     0                                            0
22.53 and 22.54 : In the range of (0,0.5), find y(x)=1-x+x2-x3+x4-x5+x6 by a polynomial of minimum degree using Excel or other simple programming, with error not exceeding (a) 0.005 (b) 0.1.
Answer : Use simple Excel program, set up column A=0, 0.05, 0.10, 0.15,…,0.5 with column B=1-A1-G1, column C=1-A1+A1^2-G1, column D=1-A1+A1^2-A1^3-G1, column E=1-A1+A1^2-A1^3+A1^4-G1, column F=1-A1+A1^2-A1^3+A1^4-A1^5-G1.  Stretch column B to G horizontally where G=1-A1+A1^2-A1^3+A1^4-A1^5+A1^6 representing y(x)=1-x+x2-x3+x4-x5+x6.  The values in column B to column F represents the error of polynomial of lesser degree.  Direct comparison : (a) For (=0.005, polynomial of minimum degree=3.  (b) For (=0.1, polynomial of minimum degree=2 with ( increases from 0 to 0.5.
23.21 : the continued fraction method could be used to find a rational function having the following values, leading to y(x)=(x-x0)/{a+(x-x1)/{(c-a)+(x-x2)/[(d-b)+(x-x3)/(e-c)]}} where e is assumed zero if no (4 column is available.  Find y(x) in fractional format y1(x)/y2(x).
	x
	y
	(1
	(2
	(3

	0
	a=0
	
	
	

	
	
	b=2
	
	

	1
	½
	
	c=-9
	

	
	
	1.0526
	
	d=1

	9
	8.1
	
	-370
	

	
	
	1.005
	
	

	19
	18.05
	
	
	


Answer : y(x)=(x-0)/{2+(x-1)/{(-9)+(x-2)/[(-1)+(x-19)/(9)]}}=x/{2+(x-1)/[-9+9(x-9)/(-9+x-9)]}=x/[2+(x-1)(x-28)/(-9x+252+9x-81)]=171x/(342+x2-29x+28)=171x/(x2-29x+370)
13.26 : Stirling formula is pk=y0+(k1)((y0+(k/2)(k1)(2y0+(k+13)(3(y0+(k/4)(k+13)(4y0….(a) Show that Stirling’s formula of degree six produces p’(x0)=(1/h)(((y0-(3(y0/6+(5(y0/30), by assuming k=0 at x=x0.  (b) Let the truncation error for Stirling formula degree 6 is y(x)-p(x)=(h6/7!)[(k+3)(k+2)(k+1)k(k-1)(k-2)(k-3)]y(7)((), show the truncation error to be E=-h6y(7)(()/140 for formula p’(x0).
Answer : (a) Let pk=y0+k((y0+(k2/2)(2y0+[(k+1)k(k-1)/6](3(y0+(k/4)[(k+1)k(k-1)/6](4y0+[(k+2)(k+1)k(k-1)(k-2)/120](5(y0+[k(k+2)(k+1)k(k-1)(k-2)/120](6y0 with f(k) for (4y0: k2(k2-1)=k4-k2, (3(y0: k(k2-1)=k3-k, (5(y0=k(k2-1)(k2-4)=k5-5k3+4k, (6y0: k6-5k4+4k2.  So pk’=((y0+k(2y0+[(3k2-1)/6](3(y0+[(2k3-k)/12](4y0+[(5k4-15k2+4)](5(y0+[(6k5-20k3+8k)/120](6y0.  When k=0, x=x0, p’(x0)=(1/h)(((y0-(3(y0/6+(5(y0/30).  (shown).  (b) Direct derivation of y(x)-p(x) is (d/dk){(h6/7!)[kdf(k)-f(k)dk]} where f(k) dk=0 and f(k)=(k+3)(k+2)(k+1)(k-1)(k-2)(k-3), quickly lead to y’(x0)-p’(x0)=-h6(3!)2/7!=-h6/(7x6x5x4)=-h6y(7)(()/140 (shown).
19.78 : Solve the following differential equation with any of the numerical approximation method with error not more than 0.05, using Excel or other packaged programming. y’=y(1-x2y4)/[(x(1+x2y4)] with initial condition y(1)=1.   Compare with the exact solution is y=(3x-x3y4)/2 by simulating from x=1 to x=2 with step size h=0.1.
Answer : Let column A be the x values from x=1 to x=2 with step size h=0.1.  Column B is approximated y value using simple Euler formula yn+1=yn+hyn’.  Column C is the true y value y=(3x-x3y4)/2, whereas D is the difference between D and C.  Table of results are as below : 
	A
	B
	C
	D

	1
	1
	1
	0

	1.1
	1
	0.9845
	-0.0155

	1.2
	0.991362
	0.96547
	-0.02589

	1.3
	0.977855
	0.94562
	-0.03224

	1.4
	0.961743
	0.926213
	-0.03553

	1.5
	0.944373
	0.907799
	-0.03657

	1.6
	0.926552
	0.890581
	-0.03597

	1.7
	0.908763
	0.874594
	-0.03417

	1.8
	0.891292
	0.859793
	-0.0315

	1.9
	0.874302
	0.846099
	-0.0282

	2
	0.857884
	0.833421
	-0.02446











                 (
11.27 : Let the Taylor series be y(i)(x)=p(p-1)…(p-i+1)(1+x)p-i, leading to y(x)=(p(i) 









                  i=0
xi/x!, with y(i)(0)= p(i) when x0=0.  (a)  Use the formula to find (1+x)½ in term of series.  (b) Express (=½δ2+δ(1+¼δ2)0.5 as a series in powers of δ, through the term in δ7 by using binomial series.

Answer : (a) (1+x)½=1+(1/2)x+(-1/2)(1/2)x2/2!+(-3/2)(-1/2)(1/2)x3/3!+(3/8)(-5/2) x4/4!+…=1+x/2-x2/8+x3/16-5x4/128+7x5/256… (b) (=½δ2+δ(1+¼δ2)0.5=½δ2+δ[1+(1/2)(δ2/4)-(1/8)(δ4/16)+(1/16)(δ6/64)…]=δ+δ2/2+δ3/8- δ5/128+δ7/1024…

20.20 : Apply the forth order Runge-Kutta formula to : y’=-12y+9z, z’=11y-10z which have the exact solution y=9e-x+5e-21x and z=11e-x-5e-21x using y(1)≈9e-1 and z(1)≈11e-1 as initial conditions, using Excel or any programming method.  Let h=0.2, k1=h(-12yn+9zn), l1=h(11yn-10zn), k2=h[-12(yn+½l1)]+9(zn+k1), l2=h[11(yn+½l1)-10(zn+½k1)], k3=h[-12(yn+½l2)]+9(zn+k2), l3=h[11(yn+½l2)-10(zn+½k2)], k4=h[-12(yn+l3)]+9(zn+k3)], l4=h[11(yn+l3)-10(zn+k4)], yn+1=yn+(k1+2k2+2k3+k4)/6 and zn+1=zn+(l1+2l2+2l3+l4)/6.  (a) Carry the computation from x=1 to x=3.  (b) Show that |11y/9z|≈1 (c) Let e-21x=(y-9e-x)/5 and e-21x=(z-11e-x)/(-5).  Compare both equations with forth degree Taylor approximated to e-21x and exact exponential, and explain the reason that e-21x approximated values begin to approximate badly.

Answer : The solutions could be performed by Excel simulations below for (a) to (c) :

	x
	yn
	zn
	11yn/9zn
	(y-9e-x)/5
	(z-11e-x)/(-5)
	Taylor’s 
	Actual e-21x

	1.0
	3.3109
	4.0466
	1
	0
	0
	6760.375
	7.58E-10

	1.2
	3.8655
	2.1585
	2.1889
	0.2309
	0.2309
	14429.31
	1.14E-11

	1.4
	-39.9442
	44.8761
	-1.0879
	-8.4327
	-8.4327
	27298.34
	1.71E-13

	1.6
	1576.7
	-1572.66
	-1.2259
	314.9766
	314.9762
	47315.98
	2.56E-15

	1.8
	-58793.6
	58796.88
	-1.2222
	-11759
	-11759
	76741.92
	3.83E-17

	2.0
	2195022
	-219599
	-1.2222
	439004.2
	439004.1
	118147
	5.75E-19

	2.2
	-8.2x10-7
	11947585
	-1.2223
	-1.6x107
	-1.6x107
	174413.3
	8.62E-21

	2.4
	3.06x109
	-3.1x109
	-1.2065
	6.12x108
	6.2x108
	278733.9
	1.29E-22

	2.6
	-1.1x1011
	1.15x1011
	-1.1691
	-2.2x1010
	-2.3x1010
	344613.2
	1.94E-24

	2.8
	4.19x1012
	-4.2x1012
	-1.2193
	8.38x1011
	6.4x1011
	465866.8
	2.91E-26

	3.0
	-1.6x1014
	1.57x1014
	-1.2456
	-3.2x1013
	-3.1x1013
	616621.4
	4.36E-28


Table above is summary data obtained.  Explanation for initial bad oscillation : h is too large for approximated e-21h≈6.2374 in column E and F where exact value in column H should be e-21h≈0.014996.  Such approximation is only accurate when h≈0.

8.32 : Let y(x,x0)=y0/(x0-x)+y/(x-x0).  In the case lim x=x0, this implies that y(x0,x0)=lim [y(x)-y0]/(x-x0)=y’(x0).  (a) Verify this directly when y(x)=x2 by showing  that in this case y(x,x0)=x+x0 so that lim y(x,x0)=y’(x0)=2x0.  (b) Also verify it directly when y(x)=x3 by showing first  that in this case y(x,x0)=x2+x0x+x02 .

Answer : (a) For y(x)=x2, y(x,x0)= y0/(x0-x)+y/(x-x0)=(y0-y)/(x0-x)= (x02- x2)/(x0-x)=( x0+x)(x0-x)/(x0-x)=x0+x, then y’(x0)=y(x0,x0)=x0+x0=2x0 compared to y’(x)=2x.  (b) For y(x)=x3, y(x,x0)= y0/(x0-x)+y/(x-x0)=(x3-x03)/(x-x0)=(x- x0)(x2+x0x+x02)/(x-x0)= x2+x0x+x02, then y(x0,x0)=x02+x02+x02=3x02 compared to y’(x)=3x2(VERIFIED).

9.23 : Let y(0)=0, y(1)=0, y(2)=1, y(3)=0, y(4)=0.  Natural spline equation will obtain slope for endpoints S1’(x0)=y0’=-2 and Sn’(xn)=yn’ with n=4 in this yn’=2 case.  Find a spline of 2 segments, S2(x) and S3(x), on the centre of 2 subintervals with knot at x=2.  The spline myst pass through 2 endpoints.  Formula used are : Si(x)=Ci-1(xi-x)3/(6hi)+ Ci(x-xi-1)3/(6hi)+(yi-1-Ci-1h i2/6)(xi-x)/hi+(yi-Ci-1h i2/6)(x-xi-1)/hi.  α= hi+1/(hi+1+hi) and β=1-α where α=β=½ for equally spaced argument x.  di=[6/(hi+hi+1)][(yi+1-yi)/hi+1-( yi-yi-1)/hi] with endpoint values modified towards d0=(6/h1)[(y1-y0)/h1-y0’] and dn=(6/hn)[ yn’-(yn-yn-1)/hn].  C values could be obtained from simultaneous equation of system : βiCi-1+2Ci+αiCi+1=di.  Assume c0=c4 and c1=c3 for symmetric spline.  Hint : Find di values, then Ci values, followed by Sn(x).

Answer : Step 1-d values : d1=(6/2)(1)=3, d2=(6/2)(-1-1)=-6, d3=(6/2)(1)=3 with special endpoint cases d0=6(2)=12=d4, using formula di=[6/(hi+hi+1)][(yi+1-yi)/hi+1-( yi-yi-1)/hi].  Step 2- C values : Simulteneous equations could be formed : 2C0+C1=12---(1), ½C0+2C1+½C2=3---(2), ½C1+2C2+½C3=-6---(3).  Since C0=C4 and C1=C3, only 3 unknowns with 3 equations are needed to be solved, by ignoring ½C2+2C3+½C4=3 and C3+2C4=12.  (3)x¼: ¼C1+½C2=-3/2---(4).  (2)-(4): (1/2)C0+(7/4)C1=9/2, letter multiplied by 4 to obtain 2C0+7C1=18---(5).  (5)-(1): 6C1=6, then C1=C3=1.  In (1), C0=(12-C1)/2=11/2=C4.  In (2), ½C0+2C1+½C2=11/4+2+½C2=3, leading to C2=(12-19)/2=-7/2.  Step (3)- Sn(x) values : S2(x)=(2-x)3/6+(-7/2)(x-1)3+(-1/12)(2-x)+(1+7/12)(x-1)=(1/6)(2-x)3+(-7/2)(x-1)3+(2-x)/6+(19/12)(x-1) and S3(x)=(-7/12)(3-x)3+(1/6)(x-2)3+(1+7/12)(3-x)+(0-1/6)(x-2)=(-7/12)(3-x)3+(1/6)(x-2)3+(19/12)(3-x)-(1/6)(x-2).  S1 and S4 are ignored, without crossing x=2.

                             (                             (                                  (                                                    (
5.21 : Given that (Ri=1/(1-R), (iRi=1/(1-R)2, (i2Ri=(R+ R2)/(1-R)3, (i3Ri=(R3+ 
                         ( i=0                            i=0                              i=0                             (                    i=0
4R2+R)/(1-R)4, (i4Ri=(R4+11R3+ 11R2+R)/(1-R)5, evaluate (inRi by induction.

                         i=0                                                                                                     i=0
                                                         (                                                                          (
Answer : By observation, R(d/dR)((Ri)=R(d/dR)(1-R)-1=R/(1-R)2=(iRi, 

              (                                                             i=0                                    (                                 i=0
R(d/dR)((iRi)=R(d/dR)[R/(1-R)2]=(R+R)2/(1-R)3…(i4Ri=R(R3+11R2+11R+1)/(1-

              i=0                                                                                                   i=0
R)5=[4R3+16R2+4R+(1-R)(3R2+8R+1)R/(1-R)5=R[(R3+4R2+R)(-4)(1-R)-5+(1-R)
                                                                                                                                    (                                       (
4(3R2+8R+1)]=R(d/dR)[(R3+4R2+R)/(1-R)4]=R(d/dR)[(i3Ri].  If Sn(R)=(inRi, then 







                i=0                                    i=0
the induction leads to Sn(R)=RS’n-1(R).

1.56 : The following message is broadcast to outer space that could be a sign that the origin location supports intelligent life : “11.001001000011111101110”.  By using the mathematical intellectual content of human being, predict the meaning of the message.

Answer : Binary system of numbering is predicted.  “11.001001000011111101110” could be 21+20+2-3+2-6+2-11+2-12+2-13+2-14+2-15+2-16+2-18+2-19+2-20=3+0.141592979≈(, or geometric constant for circle.
7.40 : The Gauss forward formula represents a polynomial either of degree 2n: pk= 
      (                        
y0+([(k+i-12i-1)(2i-1y½+(k+i-12i)(2iy0] taking the values pk=yk for k=-n,…,n, or of degree 

     i=0         (
2n+1 : pk=([(k+i-12i)(2iy0+(k+i2i+1)(2i+1y½] taking the values pk=yk for k=-n,…,n+1.  If 

                 i=0
the formula generated is pk=a+bk+ck(k-1)/2+dk(k+1)(k-1)/6+ek(k+1)(k-1)(k-2)/24+fk(k+1)(k-1)(k+2)(k-2)/120 : (a) find the values of a, b, c, d, e and f from the table below :

	k
	xk
	yk
	
	
	
	
	

	-2
	0
	0
	
	
	
	
	

	
	
	
	0
	
	
	
	

	-1
	1
	0
	
	1
	
	
	

	
	
	
	1
	
	-2
	
	

	0
	2
	a
	
	c
	
	e
	

	
	
	
	b
	
	d
	
	f

	a
	3
	a
	
	-1
	
	2
	

	
	
	
	-1
	
	2
	
	

	2
	4
	0
	
	1
	
	
	

	
	
	
	0
	
	
	
	

	3
	5
	0
	
	
	
	
	


(b) Compare the pk with the polynomial generated from Newton’s formula Pk=x(x-1)[(1/2)-(1/3)(x-2)+(1/12)(x-2)(x-3)] and comment.

Answer : (a) a=(2-0)/2=1, b=1-1=0, c=0-1=-1, d=-1+1=0, e=0+2=2, f=2-2=0.  (b) pk=1-(1/2)k(k-1)+k(k+1)(k-2)(k-1)/12=1-(xk-2)(xk-3)/2+(xk-2)(xk-1)xk(xk-3)/12, proves the derived Gaussian formula is different from Newton’s formula, with former without (x-1) factor.

3.28 : If uk+2+a1uk+1+a2uk=0 where a12>4a2, uk=r1k and vk=r2k when the first equation of u terms is converted to r term : r2+a1r+a2=0.  Find 2 functions for which (2yk=9yk where (2yk=(yk+1-(yk.

Answer : (2yk=(yk+1-(yk=(yk+2-yk+1)-(yk+1-yk)=yk+2-2yk+1+yk=9yk.  yk+2-2yk+1+8yk=0 could be converted to r2-2r-8=0.  r=[2((22(4x8)½]/2=(2(6)/2=4 or -2 with (a12=4)(( 4a2=-8).  Final solution : uk=4k and vk=(-2)k. (If a12=4a2, u1=rk and u2=krk; If a12<4a2, uk=Rksin k( and vk= Rkcos k(.

2.19+2.20 : The data is shown : y(0)=0, y(1)=1, y(2)=16, y(3)=81.   (2) Find the unique cubic polynomial p(x) in (x-a) addition terms.  (b) Find the differences y(x)-p(x), where y(x)=x4 with (x-a) terms.

Answer : When x=0, d=0; x=1, 1=a+b+c becomes 6=6a+6b+6c---(1); x=2, 16=8a+4b+2c becomes 48=24a+12b+6c---(2).  x=3, 81=27a+9b+3c---(3).  (2)-(1) becomes 42=18a+6b---(4) and (3)-(2) becomes 114=30a+6b---(5).  (5)-(4): 72=12a, a=6.  Substitute into simplified equation of (4)(6(c=1-a-b=1-6+11=6.  p(x)=ax3+bx2+cx+d=6x3-11x2+6x=x+7x(x-1)+6x(x-1)(x-2).  (b) ((x)=y(x)-p(x)= x4-x3+11x2-6x=x(x-1)(x-2)(x-3), obtained by remainder theorem.








                                   (
6.20 : The Newton’s formula is given by : pk=y0+k(y0+k(2)(2y0/2!...+k(n)(ny0/n!=( 
                 (








          i=0
k(i)(iy0/i!=((ki)(iy0, with pk=yk when k=0, 1,…, n for polynomial of degree n.  Find a 

                 i=0
solution of  (3yk=1 for all integers k with y0=(y0+(2y0.  (myk=0 with m(4 will need to be proven.

Answer : The equation pk could be simplified to pk=k(3)(3y0/3!=k(k-1)(k-2)/6.  Proof of (myk=0 : When (3y0=(3y1=(3y2=(3y3=(3yk=1, then (3yk+1-(3yk=(4yk=(5yk=(6yk=0=(myk with m(4.

4.38 : Find the lowest degree possible for a polynomial that takes the following values.  The first row (yk has been solved when n=1.  Find n when (n+1yk=0.

	k
	0
	1
	2
	3
	4
	5

	yk
	0
	1
	1
	1
	1
	0

	(yk
	                    1                      0                     0                       0                     -1


Answer : Given that (yk=1, 0, 0, 0, -1 when n=1.  Solve until (n+1yk=0: For n=2, (2yk=-1, 0, 0, -1; when n=3, (3yk=1, 0, -1; when n=4, (4yk=-1, -1; when n=5, (5yk=0.  So n+1=5.  Polynomial of lowest degree n=4.
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a22=1/5-1/9=1/45; a32=1/7-1/15=8/105;


a23=1/7-1/15=8/105; a33=1/9-1/25=16/225





a12=-1/3x45/4=-15/4; a32=8/105x45/4=6/7; a22=45/4;


a11=1+(1/3)(1/3)(45/4)=9/4; a13=-1/5+(1/3)(8/105)(45/4)=3/35;


a31=1/5-(45/4)(1/3)(8/105)=-3/35; a33=16/225-(45/4)(8/105)2=64/11025











